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9004920 , 1820 91
1 \ =4 &
then — 2004920 . 1%°0 _ 2 _— 30z the second value of
(518} 3 4
: 91 = om—1  ox912—1 _ 1656
4/ 920. Next make—=—; then —— = —+—= = =g —
3 Ydn 2x91 x3 546

30:33150183, differing from the truth but by 6 1n the tenth
place of figures, the true number being 30331 50177,
And in this way may the square roots, in the table at the

end of this volume, be easily found.

TRACT XXIV.

7O CONSTRUCT THE SQUARE AND CUBE ROOTS AND THE

RECIPROCALS OF THE SERIES OF THE NATURAL NUMBERS.

1. For the Square Roots.

" o . n n? na e
Since the square root of * 4 nis ¢ + T + 155 — Xe:
~ ous W
therefore the series of the square roots of a a4+ 1, a + 2,

@+ 5, &c, and their 1st, 2d, 3d, 4th, &c differences, will be

a5 below :

Nos. | Square Roots. | o

: | 1st Difis,
o « 2 Diffs. l
0 1 1 - 3d Diffs,
g 4-1a+ ——ast oSttt

a ~\I'43 ! 403 Bad | O
o 2 & = =
c+2la4———+ — | : : i s Bt Srny

1l 5 19 . 3
@+ 5|la +—— =] i S
1 4 l Ui oo

- & 6 6 = . |
a4 le +———+= : ;

: |

Where, the columns of fractions having in each of them the
same denominator, after the first line, in cach class, a dot is
written in the place of the denominators, to save the too fre-
quent repetition of the same quantities. Now it 1s evident
that, in every class, both of roots and of every set of differ-
ences, the first terms are all alike; and therefore, by the
subtractions, it happens that every class of differences con-
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ins one term fewer than the one immediately: preceding it.

These ditferences are to be employed n constructing tal

o . - 1 | 1 s . i 1
of square roots ; and the extent to which the orders of dil
.

cncees are o ].‘-.' \':‘.;g;';rmn:i‘ must h;- r--;;!J].;!T_I.'qi by the '.|:|1I_'|".n'1'

; : 2 : s
of decimal es to which the roots in the table are to be

T 1
carried, In the above specimen the differénces are continued

which

as far as the 3d

i';‘Lll_'l',\\ here the common first terim 1s

may be iciently small for constructing all the preceding

-1es of roots themselves,

orders of differenc:

15 T% T places of decin in each, when we commence
with the iber |“'."§,1.':1".z: s fir ", e root of which
15 32. After this, the s juares 1025, 1026, 1027, X¢, ¢

yeeed 1ncreasing

their roots 324, &c

" i Yorp
i ||.|[|'. Feil

but the series of numbers

; . +
nroocression @ so that the following

. 113 AR . :
'€ dll 1IN d aecreasing

from the

v above it. Then, to construct the table of

h 1 Lar A1 erer
T edch later diberet

ail found by

‘ound the first term of each order of di nees,

order : subtract that

srences, which will

" differences.  Then these

2 first differences added continually with the first

will form the whole series of roots, from the

‘0oot, suppose 32, the root of the re num

onal root 53, or

ber 1024, to be continned to the next

begin again,

next square number 108
in i manner, with a new

ich are to be continued

root of which 1

process 15 ta be r¢

3d to the 4th S uare

ach successive s{uinre

05 CedCll 5C11ES
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The computation may bewin at 1024, for the series of

flerences being 65, 67,

squares 1024, 1089, 1156, &c, their di

Ly

69, &c, and their roots 32, 33, 34, &ec, 1

as in the margin; in order to the

intermediate or irrational roots., to any

_i'H'fI[m‘*L'd extent in decim

will be obtained true to diffi

‘ent num-
bers of figpures, according to the number
of t

orders of differences emp

The frst differences (1:1’_\' will _1‘_':.'\'-.:

of figures, in commencing with the square 1

differences will give the roots true to 9 places; the

ferences to 12 Pi.u'n:\; and so on, as here below.

First, To find the

= 0:015625

o St Se i k] B

- PR— |
dif: 0015621187

15t

= 0000007629 |
1 |

b S N 2

od dif. 0000007618

—= adid e Sy
. [’:'F' f;'J!t.‘ Cube f;ﬂ-"-‘f-".

In the series and contrivances for constructing a table of

cube roots of numbers, the process is exactly similar to that

for the square roots

just above explained, in every respect,
e

differing only 1n tl s of the ceneral series by v h the

root of the binomi:

| 1s expressed, viz,

instead of the series for /(a4 n). Sc

tion, and forms of process, b » the same here, as in the

former case, lor tl

‘epetition of these may

y : 7
here h;- d! '!|g>11_~:|-.! I need to set down
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the series of roots and differences, with the caleulation from
them.

Now the general form of the series for (/(a3+n), or the
n? 1044

cube root of @ +n, &c: there-

- 1
1S'd ==
i

series of the cube
3d, &e

fore, expounding n by 1, 2, 3
roots of 3 a4 1 3 o Y L 8 n writh thair 1 t J!
ois 0l a°, a°+ 1, &+ 2, a’ 45, e, Wit thelr 1st, 2(

2

belaw:

differences, will be as

Nos. Cube Roots.
a3 a 2d Diffs
1 1
i ] i 7 k£ s o ! 10
i i a LY “ati |
: : o 274 10
r':‘-i— 2la --;- EiAw _. = — ;s 20 | Ma
: 3 a A | 10 &c,
shslat ity 2 %0 |
v 4 161, :
L4 a4 —=

Now here all the series converge faster than the like series
roots ; because here the denominators, !::l\"m;"

are larger than those in the former; conse-

quently fewer terms will suffice in this case, than were re-

quisite in the former, for an equal de

rree of accuracy, in all

rences and roots. I'he calculation for a few terms

i =] ) e
nere 1olows

First, To find the Diffs. Then for the Roots,

1st Diffs.

Q0008

0199601533
0232991006
0265
33123895 0299104500

16

i e |
e = 21815| 35102043
2d dif. *0000022185 - ;
'_[l___'_"l' I_l_{ 00221 i 21778 :i:mSnJ-EL'I[
10 oq dif.. .97 : 3 J:'rb-'Pleii 0998410666

1469116

i P
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3. For the Reciprocals of Numbers.

The reciprocals of the natural numbers a,a+1,a+42,
1 1

a @ (r-,l-‘_” u-:+-.‘5’

&e, where ¢ is any integer number to commence with; which

reciprocals, with their several orders of differences here follow.

& + 3, &c, are denoted by the fractions T

Recips. Ist Diffs. 2d Diffs. Sd Diffs,

' |
1 = 1,9 1.2.3
i \u.u+l,a}-'.' a.a+1.a+2.a+5
| oo 1.9

at Q @+ l.a+ _}-r_} a1
1 |

a8 |

Here, if we would employ only the column of first differ-
ences, by actually multiplying the terms in their denomi-
nators, these, with their two orders of differences, will be as
follow.

Where the first differences are Denoms.

i ist Dif. jod
i arithmetical progression, and =y |
; gl Sl |2a+2]
the 2d differences equal, viz, the a*43a+ 2 : g
| 2a.-F 4
constant number 2. Hence the @*+s5af 6“7 2

series of denominators will be very @ 4Ta--12 i 243 “‘
soon constructed, by two easy additions, the first of which is by
the constant number 2. So, for instance, if @ be =1000, then
the first differences, and their denomina- 15t Dif. | Denoms.

tors, will be thus: Wlere the column of 2002 ]l 1001000
first diffs. increases always by the number 2004 | 1003002
2, and the column of denominators is = 2006 | 10050086
eonstructed by adding the several first difforences. These
denominators are so larve, that a very few figures in their
quotients, will be suflicient to form, by one addition for
cach, the original column of reciprocals, to a great manjy
places of figures. And these reciprocals will be verified and
corrected at every 10th nomber; for any reciprocal whose
denominator ends wit

1a cipher, will have the same sionifi-
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cant figures as the reciprocal of its 10th part, which, it is
supposed, has been before found.
The above first differences and denominators will be suffi-
cient to construct the table of 1'n'1‘:5'\1‘i=w|.:‘ commencing with
1

the number 1000, as far as 9 places of decimals, the constant

2d difference beine 2 in 15t Diffs.

Reciy

siderable way. Thus, di- 000000997 | 000998004

1
] |
the 9th place, for a con- 00000099 ’ ‘000992001 i
|
i
.

UL“H!{ I by the several 000000995 | ‘000997009 | 1003
denominators above set 000000993 00996016 | 1004

lli)\‘.']l oives for their 1-r-‘§l--|ra the .'!'..5;.-_\'_{-L| column of first

1

liffs, and thence their annex

:
But if a table of rec IPro desired toa greater number

of decimals, we micht tak

e in, and employ, the column of
2d differences also ; by which means we should obtain the

series of reciprocals to 12 places of decimals. And so on, for
i 2

still more figures.
From the last two or three Tracts, may be constructed, o

may be easily continued further, such tables as here next

follow, of the reciprocals, squares, cubes, and roots of the

natural series of intecer numbers; the use of which is evi-

dently to shorten the trouble of arithmetical calculations.
The structure of the table is evident: the first column con-
tains the natural series of numbers, {from 1 to-1000: the 2d
the squares of the same ; the 8d the cubes ; the 4th the reci-
procals ; the 5th the square roots; and lastly the cube roots
of the same. The decimals, in the columns of reciprocals
and-roots, are all set down to the nearest figure in the last
decimal place; thatis, when the next figure, beyond the Jast
place set down in the table, came outa 5 or more, the last

figure was increased by 1; otherwise not; except in the re-

5, where the

petends, which occurred among the reciproc:
real last figure is always set down. Those reciprocals which

» have less than seven places of figures, are such

in the tab

» within that number, having

=

as termipate, and are compl

nothing remaining ; such as -5 the reciprocal of 2, -25 the

reeiprocal of 4, &e. The manner and cases of applying these

e A —— ———
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numbers are generally evideat: but it may be remarked, that
the column of reciprocals (which are no other than the deci-
mal values of the quotients, resulting from the division of
unity, or 1, by each of the several numbers, from 1 to 1000),
is not only useful in showing, by inspection, the quotient
when the dividend is unity or 1, but is also applied with much
advantage in changing many divisions into multiplications,
whatever the dividend or numerators may be, which are much
easier performed, being done by only multiplying the reci-
procal of the divisor, as found in the table, by the dividend,
for the quotient. It will also apply to good purpose in sum-
ming the terms of many converging series, as in the Sth of
these Tracts, in which a few of the first terms, to be found
by division, are taken out of this table, and then added

: l'};ft_-r,hi_'i‘.
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