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of parts, and through the 2d point of division draw EFG, SO

will ac be one of the equal parts very nearly.

2 being equal to 4/3 nearly,
¢

1, the point e will be found answering the same purpose as

Corol. 3.—The number 17

pE be taken to pa as 4/3 to

for 43 = 1'732; therefore,

before, but not quite so near as the former. And here, be-
cause DA : DE :: 1 : /3, therefore pE is the perpendicular
of an equilateral triangle described on ac. Hence then, if
with the centres A, c, and radius Ac, two ares be described,
they will intersect in the point E, nearly the same as before.
And this is the method in common practice ; but it is not so
near the truth as the construction n the 2d (\n‘n”::!'\\'.

Corol. 4.—Hence alsp a rioht line is found l‘tjl'.::.l, to the arc

of a circle nearly  for 8G is = 22 pF nearly. And this is the

h Archimedes gave for the

atio'of 11 to 7, whic

SN

ratio of the semicircumference to the diameter, or 22 to 7 the

ratio of the whole circumferénce to the diameter. But the

proportion is here rendered ge for any arc of the circle,

ON PLANE TRIGONOMETRY WITHOUT TABLES.

'uE cases of trigonometry are usually calculated by means
|

of tables of sines, tangen

ts or secants, either of their natural

But the calculations may also

be made without any suclt tables, to a tolerable degree of ac-

|'41'|1'|5|u_".'.\> or their l”_fl‘.::',"\'

'y, by means of the theorems and rules contained in the
following n:'n];{.\.~i‘._]m|s and corollaries.
PROPGSITION.

If 2¢ denote a side of any triangle, a the number of degrees

ed in its opposite anele, and » the radius of the circ
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circumseribing the triangle: Then the value of A is equal to

3 0..E | L ]

. e a@ (15 o’ ..o e ! g

57:2957795 % = = —-L 1 S e b
Ry e e sl g

For, since 2a is the chord of the arc on which the angle,
whose measure is A, insists ; ¢ will be the sine of half that arc,
or the sine of the angle to the radius 7, since an angle in the
circumference of a circle is measured by half the arc on which

it stands: now it is well known that the said half arc z is

A .
half the circumference of the same circle, or the arc of 180
1'1\";_11"\'1_“._ it will be

180z ¢
as 3:14159r : J ] e B e e LT e Ve &
*14159r r

— &a,)\ the

deorees in the ancle or half arc.

Corollary 1.—By reverting the above series, we obtain
] - A7
7% 2.9.4.5.6.7
180

314159 &cC.

Corollary 2.—I1f 2a be the hypothenuse of a right-angled

triangle, @ will be =7, and ther

: S e
the general series will be-
comen X (a —+

3 3.5 e 90 4Y0x3:14159 &ec
- -+ — 60 = OO0 e ==
Y. 4.5 : n 150
3.14159 &e el 3y : T S
i e il Wit e ) | — &
2 2.9 I R R PR 2e4.6,8.9
Corol. 3. —Since the chord of 60 decrees is = the radius, or

the sine of 30 degrees = half the radius, putting « for £rin the

1 . e 1 L 3 3.5
general series, wiil give 1 X = 1 | ———
7 IR ; TR X Y 2.4.6.1.97

&c = 30; and hence the sum of the infinite series

e 8 L
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1 th of the cire ter 1s 1.

Corol. 4.—It

cCommon geome

be shown, from the principles of

»sine of 60 degrees is to the radiuos,

then Lr4/ o lor ¢ 1n the general

'.=_'\r'.'5 B 180 and 1s therefore to

‘_IfJL' ]5][}[!;1[‘ series in Iin' 3l corollary, as 2 ]~, to

Corol. 5.—If b, ¢ be the halves of the other two sides of

the triangle, and B, c the degrees contained in their opposite

oles; since 8 = n X

es of any triangle are equal

=A GBS C=0X

\ SIS R : )5 " the sum of the i!]“[;z;;"

Corol., 6.—Since, by theor. 8, b: a4 ci:a0—¢: —— =

half the difference of the segments of the base
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perpendicular demitted from its opposite angle, and & 4
aa—cc aatbb—ec

o i U the segmentadjoining to theside 24, we
) o g 7y

{aat- bb—cc)? * — (aa 4+ bb—cc)?)
fag-ii ol e (£
63(1 o

for the value of the said ]}t-.'\‘[)(‘.]l(“(iﬂ]:ll‘ to the base; and hence

/

shall have 4

o/ (@b — (aa + Dbb — ce)) 2abe

= R ), et B Vb B pe L 1 LA S —
] cad il Sht TR AR ;
) 4/ ';"1"\-.’-' 0 — l\e’.’:{ '-l'- 00— ¢EL ) )

the radius of the circumseribing circle,

Havine now found the value of r, we can calculate all the
cases of trigonometry without any tables, and without re-
ducing oblique triangles to right-angled ones; for, having
any three parts (except the three angles) given, we can find
the rest from these five equations following :

Py )
2abe

~ (ag+ bb—cc)?)

2.5r3
5. A+ 8 4+ c =180.

And, for the more convenience, we may add the three fol-

4. c=n ¥ (—1
5

Jowing, which are derived from the 2d, 3d, and 4th, by revers

sion of series.

/ ]

L . C e c’

Bib = = b —— )
n 2.9n° 2.3.4.59n° d

Where 11 = 572¢
EXAMPLE.

Suppose we take here the following example, in which are

given the two sides 2b = 845, 2c = 282, and the angle op-

e W
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posite to 2c = 87° 20" = 371 degrees = c. Then since

c 871 x 3' 14159 &c S 232
=~ ———————— = 651589587, we have ¢ = ——

7 150 E

= 116 = r x (651589587 — ‘04610744 - 00097879 —

000009894 - -000000058 &ec) = 7r X ("6525684835 —

116

== 191227677 ;

*046117334) ='6064511r. Hence r=———
6064511

b 945 % *6064511
el e i e RS e o e
. 2x 116

Again, B = 572957795 x 1:12402 (the sum of the series
in the 3d equation) = 64-4016 degrees = 64° 24/,

And A = 180 — 374 —64-4016 = 180 — 101*735 = 78™265
= 78° 16 nearly.
8265
1°365982, and r =

ST2957795

A :
Lastly, — Helng = —
2, e

191'27677, from the 5th equation we have ¢ = 191:27677 X
(1:365982 — *4247992 4 0396379 — 0017607 + 0000288
— +0000005) = 19127677 x *9790883 = 187:27684.

And hence 2a = 874-55568 = the third side of the lr'l.'ll'.:,;[‘-‘,
Corol, 7.—As the series by which an angle is found, often
converges very slowly, I have inserted the following approxi-

mation of it; viz,

} . daa a .
e !_‘;V'('.’ — Q\-'!:] — '}_.'..: } — T,J.J m_‘:tr]_" - where the
! Lv ]
letters denote the same quantities as in the above series. For !
|
4 : % aa. . . a a? Ta® !
since P—=4/(2—2¢y/(1——) J1Is = — - —— + - == 80,
VA v ! r V43T 941600
AT, a Susa. o !
and — is = + R e |
7 7 24,52
we shall have, by taking the former of these from the latter,
A @’ 3¢ . ! : 3 .
—p = — + = - &c.  DBut; from the first series,
7 2471 640r: {
a a3l g LRREL :
Sp - &c; hence, by subtractine the lat«
> 3r 244 3654 = =
ter from the former, it gives
e .. = - e Sy - = i
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: +P 1 = : 4p | = 2 &e; and
— —p—Ip}p—=— —dpJ —= : - NCj d
7 & 8r n g 3r 480y
a it a
e e e e R v I e T e S e
A=n X {\_.I :“_—H ~ '\:-\ (2—24 \l — . ) o)/ neariy
Corol il 4 , T
orol. T—And again, since — %X (P — g — i¢° = —¢°
: gain, et e = 0=y
, 1 3 a - ; ki £ 4P =
&Xec ; where gis = 3 by subtracting this from — — ———=
Lo ! i n
-¢° &¢, and reducing, there will be obtained A = —— %
) g 105
A 7 7 4 L
(l144p— 39q— 14 -"—'-!- -x(l-J-I-\_-"_‘—-'_‘,-\rLI—Q')}M:’J‘_J,}--- Lg>,
& : i 05 Adidd

which will commonly give the angle exact to within a minute
£41 A7 1 : . no.
of the truth. 'Where note, that the constant quantity o5 18
g }
= *54567409. And from the whole may be drawn the fol-

lowing general problem.
PROBLEM,
To perform all the Cases of Trigonometry without any Tables.

Having any three parts of a triangle given, except the three

angles, the other three parts may be found, by some of the

owing six general theorems.

S a
2./(—=)) — —) nearly. Or
{ ) = )

A
e @ =
n

LC.
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6. c= # \-.rl_..-. _: {'J'___"\;'.".‘\ l] 3

\ 29
= XC)7 s

Where a, b, ¢, are the halves of the three sides of the tri-
rle, and A the numher of degrees in the ¢ opposite the

o
ng =
1

and ¢ the degrees in t

Q;

the side 2c¢;

5 ! Y AT rihad ]
the radius of the circumseribed civele s
180 el iyl

= 812957795, or =
109 1

5&%!?1:

andn = - 567409,

EXAMFLE.

Thus, if the t
f = 14, ¢ = 15. Then is » = 162, and the ang

theorcins come out as follow ; viz.

\neles by the Theor. b
s, - .

SR T e S ANDI@ AN e et SRR

50 - - angle s - = ‘59 Q9g=

Faled q | . Lo 0o a

67 19 - = angie -~ = b Za3

179 54 sum of all 180 00

TRACT XVII,
DN MACHIN'S QUADRATURE QF THE CIRCLE.

Since the chief advantage of this method consists in taking
small arcs, whos

Mr. Machin very properly considered, that as the tangent of

e tangents shall be numbers easy to manage,

45°1s 1; and that the tancent of any arc being given, the
tangent of double that arc can easily be found ; if

assumed some small simple number for the tan:

-7 S = e, — e e e, e

&
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