TRACT X1V,

ON THE GEOMETRICAL DIVISION OF CIRCLES AND ELLIPSES
INTO ANY NUMBER OF PARTS, AND IN ANY PROFOSEDR
RATIOS.

ARTICLE 1.

[~ the year 1774 was published a pa

mphlet in 8vo, with

this title, A Disseriation on the Geometrical dnalysis
Antrents.  Wath a Collection of T heorems and Problems, wiith-
oui S j Your

a}:u.c, for the Fxercise of Youne Students. This

1 : i3 .
[};Liui:hlr‘l' was anonymous; it was however well known to

myself, and to several other persons, that the author of it

was the late Mr. John Lawson, B. D. rector of Swanscombe

enious and learned geometrician, and, what

1 i‘;l"fli, an in

a most worthy and good man; one in

I no guile, and whose pure nt

t was fo

ed to the most amiable simplicity of manners, and sweet-

grity,

of temper, gained him affection and respect of all

who had the happiness to be acquainted with him. His

collection of problems in that pamphlet concluded with this

ne, * To divide a circle into any number of parts,

as in circumference.—

all be as well equal in a

128 II’IIIII'Ir.l'JI’I Seem o ‘,i';'l"}'{ffe’l" D, ,: Wever .

§ ‘he this seeni-

1€

g
1

=i : S St e St i
& manner striciey geomeerical.

18 I know ;s but I

he reserved to himself, as

he discovery of it ter: and my solution was

1!:11:11\:?-.1-1] 1N an accot e l“‘”‘]"l"]"" in the
Critical Review fi

wards informed me was on the same

it which I eave of tl

r 1775, vol. x1, and which the author af

principle as his own.
This account is

ing words:

Endhmithetol
volume, and in the follow-
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2. ““We have no doubt but that our mathematical readers
will agree with us in allowing the truth of the authoi’s re-

mark concerning the seeming paradox of this problem; be-
cause there is no gw,uunc:r}cu] method of tli\'id'mg the circum-
ference of a circle into any proposed number of parts taken
at pleasure, and it does not readily appear that there can be
any other way of resolving the problem, than by drawing
radii to the points of equal division in the circumference.
However another method there is, and that strictly geome-
trical, which is as follows.

¢ Divide the diameter as of the
given circle into as many equal parts
as the circle itself is to be divided
into, at the points ¢, o, E, &c. Then
on the lines Ac, AD, AE, &c, as dia-

meters, as also on BE, BD, BC, &,

desecribe semicireles, as in the annexed
ficure : and they will divide the whole cirele in the manner
as required.

¢ For, the several diameters being in arithmetical progres-
sion, of which the comimon difference

s equal to the least of
them, and the diameters of circles being as their circum-
ferences, these will also bein arithmetical progression. But,
in such a progression, the sum of the extremesis equal to the
sum of each pair of terms equally distant from them ; there-
fore the sum of the circumferences on ac and cg, is equal to
the sum of those on AD and pg, and of those on AE and Es,
&e, and each sum equal to the semi-circumference of the
given circle on the diameter aB. Therefore all the parts
have equal perimeters ; and each is equal to the whole c¢ir-
cumference of the proposed circle. Which satisfies one of
the conditions in the problem,

¢ Again, the same diameters being as the numbers 1, 2,3,
4, &c, and the areas of circles being as the squares of their
diameters, the semicircles will be as the square numbers
1,4, 9,16, &c, and consequently the differences between all

the adjacent semicireles are as the terms of the arithmetical
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progression 1,8, 5, 7, &c ; and here again the sums of the ex-
tremes, and of every two equidistant means, make up the seve~
ral equal parts of the circle. Which is the other condition.”’

3. But this subject admits of a more geometrical form, and
is capable of being rendered very general and extensive, and
is moreover very fruitful in curious consequences. For first,
in whatever ratio the whole diameter is divided, whether into
equal or unequal parts, and whatever be the number of parts,

the perimeters of the spaces will al-

ways be equal. For since the circum- s -,x;, =
ferences of circles are 1n the same NP \\
ratio as their diameters, and because (,\ B
AR and Ap 4+ peand ac 4 cpareall s H"ﬁﬂ
equal, therefore the semi-circumfer- Y\ [V /‘:ﬁ:/
ences ¢ and 0 + d and @ + e are all \” l"‘f;--—"':l'Z

equal, and constant, by the same,

whatever be the ratio of the parts ap, pc, ¢B, of the diame-
ter. We shall presently find too that the spaces Tv, rs, and
ra, will be universally as the same parts Ap, pc, cB, of the
diameter.

4, The semicircles having been deseribed as before men-
tioned, erect cE perpendicular to AB, and join BE. Then
will the circle on the diameter BE, be equal to the space ra.
For, join AE.

Now the space p = semicircle on AB—semicircle on Ac;
but the semicir. on AB = semicir. on AE -} semicir. on BE,
and the semicir. on Ac = semicir. on AE — semicir. on CE,
theref. semic. AB—semic. Ac=semic, BE 4+ semicir. CE,
that is, the space P is —=semic, BE | Semicir. CE ;

to each of these add the space @, or the semicircle on sc,
then P 4+ @ = semic. BE -+ semic. CE + semic. BC,

t

atisp -+ @ = double the semic¢. BE, or = the whole circle
on BE.
- g : : o] ahy . s
5. In like manner, the two spaces pa and rs together, or

the whol

: Space PaRS, Is equal to the circle on the diameter

er. And therefore the space rs alone, 1s equal to the differ-

ence, or thecircle on Br minus the cirele on BE.
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6. But, circles being as the squares of their diameters, B
BF’, and these again being as the parts or lines e, B,
therefore the spaces PQ, PQRS, RS, TV,
are respectively as the lines Bc, 8D, cD, AD,
And if Bc be equal to cp, then will pa be equal to rs, as in

the first or simplest case.

7. Hence, to find a circle equal to the space rs, where the
points » and ¢ are taken at random : From either end of the
diameter, as A, take Ae equal to Dc, erect GH perpendicular
to ap, and join AH; then the circle on an will be equal to
the space rs. For, the space pa : the space rs :: Bc : cb or
AG, thatis as BE? : Au* the squares of the diameters, or as the
circle on BE to the circle on Al ; but the circle on &E is equal
to the space ra, and therefore the cirele on am is equal to the
space Rs.

8. Hence, to divide a circle in this manner, into any pro-

posed number of parts, that shall be in any ratios to one an-
other: Divide the diameter into as many parts, at the points
D, ¢, &c, and in the same ratios as those proposed ; then on
the several distances of these points, from the two ends a and
B, as diameters, describe the alternate semicireles on the dif-
ferent sides of the whole diameter as : and they will divide
the whole circle in the manner proposed. That is, the spaces
I'v, RS, pa, will be as the lines Ap, pc; cB.

9. But these properties are not confined to the circle alone.
They are found also in the ellipse, as the genus of which the
circle is only a species. For if the annexed figure be an
ellipse described on the axis Az, s i
the area of which ‘is, in like :
manner, divided by similar semi-
ellipses, described on ap, Ac,
BC, BD, as axes, all the semi-
will be

equal to one another, for the

perimeters f, ae, bd, c,

saime reason as before in Art. 3,

namely, because the peripheries
of ellipses are as their diameters. And the same property
YOL. I. s
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would still hold good, if A® were any other diameter of the
ellipse, inst ead of the axis: describing on the parts of it semi-
ellipses which shall be similar to those into which the diame-
ter AB divides the given ellipse.

10. And further, if a circle be described about the ellipse,
on the diameter 4B, and lines be drawn similar to those in the
second figure; then, by a process the very same as in Axt. 4,
¢t seq. substituting only semiellipse for semicirele, it is found
that the space

pa 1sequal to the similar ellipse on the diameter B,

rars is equal to the similar ellipse on the dipmeter BF,
RS 1s equal to the similar ellipse on the diameter A,

or to the difference of the u.'“-ll):-u.-\ on BF and BE H
also the elliptic spaces - - - ra, Pamrs, Rs, TV,

are respectively as the lines - =g,

H bc, AD,

the same ratio as the circular spaces. And hence an ellipse
i3 divided into any number of parts, in any assioned ratios,
in the same manner as the circle is divided, namely, divid
the

X15, OY any l:ILllt'.l'Z"i' in li‘ll‘ same 11|.1||1|{_‘1":|][¢f on []“' l:;n-:-‘.

ne simHar semiellipses,

AN

thematica, published in the

year 115, e gll. I'he probiem 1s as follows.

To find whether th vy such fixed
noint &, in the radius 8p }'c bia

L any

is line
r radius
AD and the gua AB, propor-

1
tionally in the two points ¥ and @; viz. so

that ¥ shall be to Be in a constant ratio,
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