'RACT VIII.

A NEW METHOD FOR THE VALUATION OF NUMERAL INFI
NITE SERIES, WHOSE TERMS ARE ALTERNATELY (-
PLUS AND | ) MINUS:; BY TAKING CONTINUAL ARITH=

METICAL MEANS BETWEEN THE SUCCESSIVE SUMS, AND

THEIR MEANS.

ARTICLE 1.

lifference between the facility which

THE rema
; G 1
have found, in their endeavours to determine

mathemati

inite series, whose terms are alternately aflirm-

the values

3 ative and negative, and the difficulty of doing the same thing
b\ with respect to those series whose terms are all affirmative,

is one of those striking circumstances in science which we

ardly persuade ourselves is true, even after we have seen

proofs of it; and which serve to put us ever after

notions, Of con-

not to trust to our

on our ol

them to the

iectures, on these subjects, till we have broug

test of demonstration. For, at first sight it is very natural

’ to imacine, that those infinite series whose terms are all affirm-
|

ative, or added to the first term, must be much simpler in

their nature, and much easier to be summed, than those whose

and negative ; which, how-

terms are :t?l‘('rll;tit'i_\' afirmativ
on examination, to be directly the reverse;

ever, we
1

1ods of finding the sums of the latter series being nu-

0 e meci
merous and easy, and also very general, whereas those that
have been hitherto discovered for the summation of the former
series, are few and difficult, and confined to series whose
terms are generated from each other according to some par-

ticular laws, instead of extending, as the other methods do,
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to all sorts of series, whose terms are connected together by
addition, by whatever law their terms are formed. Of this
remarkable difference between these two sorts of series, the
new method of finding the sums of those whose terms are al-
ternately positive ;Lll{i.l]t;“f_“'ilti\’l_', which is the subject of the
present tract, will afford us a striking instance, as it possesses
the happy qualities of simplicity, ease, perspicuity, and uni-
versality ; and yet, as the essence of it consists in the alter-
nation of the signs 4+ and —, by which the terms are con-
nected with the first term, it is of no use in the summation of
those other series whose terms are all connected with each
other by the sign +.

2. This method, so easy and general, is, in short, simply
this : beginning at the first term @ of the series ¢ — b + ¢ —
d + ¢ —f + &c, which is to be summed, compute several
successive values of it, by taking in successively more and
more terms, one term being taken in at a time ; so that the
first value of tl

e series shall be its first term «, or even 0 or
nothing may begin the series of sums; the next value shall
be its first two terms @ — b, reduced to one number 5 1ts next
value shall be the first three terms ¢ — & + ¢, reduced to one
number ; its next value shall be the first four terms ¢ — b
+ ¢ — d, reduced also to one number; and soon. This, it
is evident, may be done by means of the easy arithmetical
operations of addition and subtraction. And then, having

found a sufficient number of successive values of the series,

more or less as the case may require, interpose between these
values a set of arithmetical mean quantities or proportionals;
and between these arithmetical means interpose a second set

of arithmetical mean quantities; and between these 2
?

metical means of the second set, interpose a third set of

arithmetical mean quantities 3 and so on as far as vou

nlenea
i PICASE,
3 |

By this process we soon find either the true value of the

series proposed, when it has a determinate rational value, or

otherwise we obtain several sets of values approximating

nearer and nearer to the sum of the series, both in the ca-

nmns and in the lines, either horizontal or obliguely de-
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» or ascending ; namely, both of the several sets of

.-Ql)(‘l'l:il

means themselves, and the sets or series formed of any of

their corresponding terms, as of all their first terms, of their
second terms, of their third terms, &e, or of their last terms,
of their penultimate terms, of their antepenultimate terms,
&c: and if between any of these latter sets, consisting of the
like or corresponding terms of the former sets of arithmetical
means, Wwe again interpose new sets of arithmetical means, as
we did at first with the successive sums, we shall obtain other
sets of approximating terms, having the same properties as
the former. And thus we may repeat the process as often
as we please, which will be found very useful in the more
difficult diverging series, as we shall see hereafter. For this
method, being derived only from the circumstance of the al-
ternation of the signs of the terms, - and — , it is therefore
not confined to converging series alone, but is equally appli-
cable both to diverging series, and to neutral series, by which
Jast name 1 shall take the liberty to distinguish those series,
whose terms are all of the same constant magnitude ; namely,
ie three following

the application is equally the same for all t

sorts of series, viz.

Converging, 1 —%* 4+ 3+—f+f—z3 + &e.

Diverging, 1—2+43—4+5—6+ &e.

Neéutral ]—1+1—141—1 &e.
2 i 1

As is demonstrated in what follows, and exemplified in a
variety of instances.
t must be noted, howeve

by the value of the series,

I always mean such radiz, orfinite expression; as, by evolu-

s in question ; according to the

tion, would produce the ser

sense we have stated in'the former paper, on this subject ; or

an approxim:ur* value of such radix 3 and which radix, as it

may be substituted instead of ti series in any operation, I
call the value of the series.

3. It 35 an obvious and well-known property of infinite

series, with alternate sions, that when we seck their value

ries

by collecting their terms one after ancther, we obtain as

ally nearer and

of successive sums, which approach conti
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hearer to the true value of the proposed series, when it is a
converging one, or one whose terms always decrease by some
regular law; but in a diverging series, or one whose terms
as continually increase, those successive sums diverge always
more and more from the true value of the series. And from
the cireumstance of the alternate change of the silt__;'ns, it 1s
also a property of those successive sums, that when the last
term which is included in the collection, is a positive one,
then the sum obtained is too great, or exceeds the truth ; but
when the last collected term is necative, then the sum is too
little, or below the truth. So that, in both the converging
and diverging series, the first term alone, being positive, ex-
ceeds the truth ; the second sum, or the sum of the first two
terms, is below the truth; the third sum, or the sum of the
three terms, is above the truth ; the fourth sum, or the sum
of four terms, is below the truth; and so on; the sum ofany
even number of terms being below the true value of the series,
and the sum of any odd number, above it.  All which is oe-
nerally known, and evident from the nature and form of the
series. So, of the series a — b + ¢ —d + ¢ — [+ &,
the first sum « is too great ; the second sum a — & too little ;
the third sum ¢« — & 4 ¢ too great ; and so on as in the fol-
lowing table, where s is the true value of the series, and 0 1s
placed before the collected sums, to complete the series,
being the value when no terms are included :
Successive sums

s is greater than 0

s is less than a

s is greater than a— b

s is less than a—b 4+ ¢

s is greater than a—b + c—d

5 1s less than @—0b 4 ¢c—d 4 e
&e. &e.

4. Hence the value of every alternate series 8, 1s positive

and less than the first term a, the series being always sup-
posed to begin with a positive term « ; and consequently, if

the signs of all the terms be changed, or if the series begin
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with a negative term, the value s will still be the same, but
negative, or the sign of the sum will be changed, and the

value become =—=s — —a + b — ¢ + d — &e. Also, be-
cause the successive sums, in a converging series, always ap-
proach nearer and nearer to the true value, while they recede
always farther and farther from it in a diverging one ; it
follows that, in a neutral series, a — ¢ +a—a + &e, which
holds a middle place between the two former, the successive
sums 0, @, 0, a, 0, a. &c, will neither converge nor diverge,

but will l,L ‘N'\.a\,a at the same distance from the value of the
propose dserjgsga—a + a—a 4+ &e, and conse llLlL'Ilti\ that
value will always be = 1¢, which holds every where the mid-

dle place between 0 and a.

I am not unaware that, thougha —a 4+ ¢ —a + — &e,
. a oot ;
may be produced by evolving P by actual division, 1t
& i SN 7 e

will also arise by evolving several other functions in like

nmanner ; as
g @ +a +a + &e

b F—
a4 a 4+ a + H’ ‘|- [/ +" i.\(.'

or anv other similar function, in which the numerator has

fewer terms than the denominator. Yet the preference
unong them all seems justly due to the first

a* a* a ; X i ;
% - % = = = ia, for this reason, besides what
¢ T+ a 2a 2
is said above, viz, put s for the value of the series ¢ — @ -+
¢ —a + &c: since

thens =a—a +a—a 4+ — &c,
and @ = a, take the upper equ. from the under,
then ¢ — s =a¢—a +a—a+ &= s by sup.

s — &, and 28 = @, 0L § — la, asabove

a4 —
5. Now, with respect to a col I\L]l‘!lu” series y U— t"} c—d4

& ; because 0 is below, and aabove s, the value of the series,
but @ nearer than 0 to the value s, it follows that s lies |JL-_
tween a and 1¢, and that Fa is less than s, and so nearer to §
than 0 is. In like manner, because a is above, and a« — b
Jow the value s, but g — # nearer to that value than « is,

below
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it follows that s lies between e and @ — &, and that the arith-
metical mean a-— 1) is something above the value of s, but
nearer to that value than a is. And thus, the same reason-
ing holding in every following pair of successive sums, the
arithmetical means between them will form another series of
terms, which are, like those sums, alternately less and greater
than the value of the proposed series, but approximating
nearer to that value than the several successive sums do, as
every term of those means is nearer to the value s, than the
corresponding preceding term in the sums is. And, like as
the successive sums form a progression approaching always
nearer and nearer to the value of the series; so, in Jike man-
ner, their arithmetical means form another progression, com-

ing nearer and nearer to the same value, and each term of the

cessive

progression of means nearer than each term of the s

sums. Hence then we have the two following series, namely,
of successive sumsand their arithmetical means, in which each
step approaches nearer to the value of s than the former, the
latter progression beinu however nearer than the former, and

the terms or steps of each alternately below and above the

value s of the series ¢ — b + ¢ — d -+ &c.
Successive sums. Arithmetical means,
200 = 3@
Cal e a—1b
— = = a— b4 I¢
— a—b+c =oa— b oo—id
= a—b+c—d = a— b4+ ¢~ d+4 le
- a—b+tc—dde|lec a— b+ ¢c— d+ er—gf
&e. &ec.

where the mark —, placed before any step, signifies that it
is too little, or below the value s of the converging series
@ —b+4c¢c—d+ &c; and the mark = signifies the con-

trary, or too great. And hence la, or half the first term
of such a converging series, is less than s the value of the

series.
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6. And since these two progressions possess the same pro-
ie truth

perties, but only the terms of the latter nearer to f
than the former; for the very same reasons as before, the
means between the terms of these first arithmetical means,
will form a third progression, whose terms will approach still
nearer to the value of s than the second progression, or the
first means ; and the means of these second means will ap-
proach nearer than the said second means do ; and so on con-
tinually, every succeeding order of arithmetical means, ap-
proaching nearer to the value of s than the former. So that
the following columns of sums and means will be each nearer
to the value of s than the former, viz.

‘R!l(‘. sums. | 1st means. | ‘2(1 means, ."n.l means.,
i) i @ I' :.‘-.:—.‘x‘ ’T.r--i."a-'r_c
'| | & l + 8
| b Sh—¢ Th—4e+d
| a |l g —= iy i 22
| |2=3 lll a 2 a 3
1 i [ | Sc—d Te
=la—b a—0b+= Ia?—-—ﬁ—j—-- e a—0b -
| ' : - :
4 e - [+
—la—b+4e | e,__(,:,_*_t._"_' e S a—b+4c— &c,
| = T
—la—btc—d| g—b4+&e. | a—b+&e. a—b+ &e.
| ; |
JIE o { >

Where every column consists of a set of quantities, ap-

proaching still nearer and nearer to the value of s, the terms

of each column being ;zh:(e]‘:l;li‘{'!}' below and above that value,
and each succeeding column approaching nearerthan the pre-

ng one. Alsoevery line, formed of all the first terms, all

i al RSl RS e Qe R LY .
second terms, all the third terms, &c, of the columns, forms
e to

also a progression whose terms continually approxim:

the value of 5, and each line nearer or quicker than the former;

but differing from the columns, or vertical progressions, in

this, namely, that whereas the terms in the columns are al

: below and above the value of s, those in each lin

":';IU W Ol

o : ;
n one side of the value &, namely, either a
all above it: and thelines alternately too little and too great,

amely, all the expressionsin the first line too little, all those
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in the second line too great, those in the third line too little,
and so on, every odd line being too little; and every even line
too great,
L a 3a—0b Ta- 4b+c
7. Hence the expressions —, . Y
2 4 b
15a—11b + 5c—a 3la —260+16¢c —6d e
arienlie 0 82 2
tinual approximations to the value s, of the converging series
@ — b+ ¢ —d 4 e — &c, and arz all below the truth. But
we can easily express all these several theorems by one gene-
ral formula. For, since it is evident by the construction, that

&c, are con-

while the denominator in any one of them is some power
(29 of 2 or 1 + 1, the numeral co-efficients of a, &, ¢, &e,
the terms in the numerator, are found by subtracting all the
terms except the last term, one after another, from the said
power 2” or (1 < 1)%, whichis =
n—1 n—1n—2%" :
1 4+ n4n.——+n e e &c, namely the
coeflicient of « equal to all the terms 2", minus the first term
1; that of & equal to all except the first two terms 1 - u;
that of ¢ equal to all except the first three; and so on, till
the coefficient of the last term be = 1, the last term of the
power ; it follows that the oeneral expression for the several
theorems, or the general approximate value of the converg-
ing series b — a + ¢ — d + &c, will be
7 —1

=1 —n—"n.,——

on— 1 ;m—1—n

gn L e On {, + gn C+

&c, continued till the terms vanish and the series break off,
n being equal to 0 or any integer number. Or this general
formula may be expressed by this series,

1 n—1 n—1n1—2
S r)ﬂ' - =i B Y o 8 e e
zux[(.. lJa—(A—n)b+4 (B—n, 5 Je—(c—n. o
&c] ; where A, B, ¢, &c, denote the coefficients of the seve-
ral preceding terms. And this expression, which is always

)d

too little, is the nearer to the true value of the series
a— b+ ¢ —d-+ &e, as the number 7 is taken greater : always
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excepting however those cases in which the theorem is accu-
rately true, when 7 is some certain finite number. Also, with
any value of 2, the formula is neaver to the truth, as the terms
a, b, ¢, &c, of the proposed series, are nearer to equality ; so
that the slower any proposed series converges, the more ac-
curate is the formula, and the sooner does it afford a near
value of that series: which is a very favourable circumstance,
as it isin cases of very slow convergency that approximating
formula are chiefly wanted. And, like as the formula ap-
proaches nearer to the truth as the terms of the series ap-
proach to an equality, so when the terms become quite equal,
as in 2 neutral series, the formula becomes quite accurate,
and always gives the same value Za for s or the series, what-
ever integer number be taken for n.  And further, when the
1 nen-

proposed series, from being converging, passes throug

trality, when its terms are equal, and becomes diverging, the
formula will still hold good, only it will then be alternately
too great, and too little as long as the series diverges, as we
shall presently see more fully. So that, in general, the value
s of the series ¢ — & + ¢ — d 4 &c, whether it be con-
verging, diverging, or neutral, is less than the first term a
when the series converges, the value is above fa; when it
diverges, it is below e ; and when neutral, it is equal to 1a,

8. Take now the series of the first terms of the several
orders of arithmetical means, which form the progression of
continual approximating formule, being each nearer to the
value of the series a —b + ¢ — d + &c, than the former,
and place them ina column one under another; then take the
differences between every two adjacent formule, and place
them in another column by the side af the former, as here

follows :
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Approx. Formule. Differences.
a a—0h
2 4
Su—b | a—2h+c¢
—— =
Ta—d4b+c a—3%b+3%c—d
PR Y T o AT
15¢ —11b 4 5¢c—d g—4b 4 Ge——dd + ¢
16 A G T R
Sla —26b+ 16c— 6d-4-¢
52
&ec. &e.

From which it appears, that this series of differences consists
of the very same quantities, which form the first terms of all

the orders of differences of the terms of the proposed series
@—b 4 ¢ — d 4 &e, when taken as usual in the differential
method.  And because the first of the above differences added
to the first formula, eives the second formula; and the se-
cond difference added to the second formula, gives the third
formula : and so on: therefore the first formula with all the
differences added, will give the last formula ; consequently

our general formula, before mentioned,

1 ( n — 1\ %
o \ . \ e : = iy o]
s Sl At =l ) s (A ==10) b+ (B—mn. )G &e],

which approaches to the value of the series a— b+ec—d+ &e,

is also equivalent to, or reduces to this form,

a a—b a—2h4¢ a—2b+43c—d
e LA i G AU U T &
Be A g 8 16 e

which, it is evident, agrees with the famous differential series.
And this coincidence might be sufficient to establish the truth
of our method, though we had not given other more direct
proof of it. Hence it appears then, that our theorem is of
the same degree of accuracy, or convergency, as the differ-
ential theorem ; but admits of more direct and easy applica-
tion, as the terms themselves are used, without the previous
trouble of taking the several orders of differences. And our
method will be rendered general for literal, as well as for

wumeral series, by supposing a, b, ¢, &e, to represent not
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barely the coeflicients of the terms; but the whole terms, both

+

the numeral and the literal part of them. However, as the

chief use of this method is to obtain the numeral value of

n a literal series is to be so summed, it is to be

| s 2 1 wal wral -
m » substitutine the numeral values of the letters
in [t is further evident, that we might easily
derive our met of arithmetical means from the above-dif-

vith 1t, and receding back to

PRSI SO
ferenuial series, by

our theorems, by a process counter to that above given.
9. Haying, in Art. 5, 6,7, 8, completed the investigations

£

for the first or converging form of series, the first four articles

being introductory to both forms in common; we may now
proceed to the diverging form of series, for which we shall
find the same method of arthmetical means, and the same
general formula, as for the ¢onverging series ; as well as the
mode of investigation used in Art. 5 ¢f seg. only changing
sometimes greater for less, or less for greater. Thus then,

reasoning from the table of successive sums in Art. 3, in which

sisa
@ — b 4 ¢, &c, because 0 is below, and « above the value s

ternately above and below the expressions 0, ¢, a — 6,

of theseries ¢« — b + ¢ — d 4+ &e, but 0 nearer than a to that
value, it follows that s lies between 0 and La, and that 2g is
greater than s; but nearer to s than ¢ 1s.  In like manner, be-
ause @ is above, and @ — 6 below the value s, but ¢ nearer
that value than ¢ — b is, it follows, that s lies between « and

h, and that the arithmetical mean @ — 14 is below s, but

]

it is nearer to § than e¢-—#&is. And thus, the same

» hiolding in every pair of successive sums, the arith-

I means between them will form another series of terms,

& alternately

bere greater and less in the contrary
way to what they were for the converging series, namely,

eater bere which were less there, and less here

which before were greater. And this first set of arithmetical

1 1 L | 1 o .
means, will either converge to the valueé of s, or will at least

ess from it than the progression of successive sums,

i, the same reasoning still holding good, by taking the

thmetical means of those first means, another set is found,
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which will either converge, or else diverge less than the
1‘{31‘““‘!' "‘l”{l s0 on as far a5 wWe lil\.‘ii“‘-l'., every new ‘\}PL"‘:'LT"[(\'.'!

orag '|1\|]:\ huiu o the Inxi or greatest diver

ency, till a

L 1u. near value :u! s the proposec
10. Or, by taking the first terms of:
we find the same set of theorems, na
a 3a—0b 1 ;—1&.:1m+-uﬂ+:¢—d

[
ey

2 4 8 16

x [(2"—1)a— (a—n) b 4 (B—n, -

an i

which will be alternately above and below s, the value of the
1

series, till the diverg

ncy is overcome. Then this sex
1

which consists of the first terms of the s iers of means,

may be treated asthe succcessive sums, taking several orders of

1

1in. After which, the first terms of these last

means of these ao:

orders may be treated a ;'.‘-m in the same manner ; and so on as

far as we [:]\ ase. Or the series of second terms, or third terms,

&e, or sometimes, the terms ascending obliquely, may be

treated in t

And with a little
Iy

or horizontal, or oblique, for they all tend to the detection

practice and inspection of the 5, whether vert

of the same v | soen learn to disti

R
r'] il WiHere-

abouts the required g ' 518, and which of the series

\\i]] soonest : (imate

To exe '."..,":*_'\' now tl nethod, we shall take a few

series of both sorts, and find their val

168 |J\ act 11;1,';‘.-'

going through the operations of taking the several orders of
arithmetical means, and at other times by using some one of
the tl ems

a3 :'.' b+c 15a—11b+ 5e—d :

R g 3 , &e, at once,

- the use of these theorems still easier, we shall

And to rer

) avy IR AT tha Falaw e k) G P i} v 1 w
here :1.'.._u.-m the follo ving table, w here the { line, consist-

ing of the powers of 2, contains the de 1nators of the
theorems in their order, and the ficures in their perpendicu-
lar columns below them, are the coeflicients of the several
terms in the numerators of the theorems, :1:1111.‘3.]}', the upper
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The construction and continnation of this table, is a busi-
ness of little labour. For the numbers in the first horizontal
line next below the line of the powers of 2, are those powers
diminished each by unity. The numbers in the next hori-
zontal line, are made from the numbers in the first, by sub-
tracting from each the index of that power of 2 which stands
above it.  And for the rest of the {.;lhh!’ the formation of it
is obvious from this principle, which reigns through the whole,
that every number in it is the sum of two others, namely, of
the next to it on the left in the same horizontal line, and the
next above that in the same vertical column. So that the
whole table is formed from a few of its initial numbers, by
easy operations of addition.

In converging series, it will be further useful, first to collect
a few of the initial terms into one sum, and then apply our
method to the following terms, which will be sooner valued,
because they will converge slower.

12. For the first example, let us take the very slowly con-
verging series 1 — % 4+ L — X% 4 +— 1 4 &ec, which is known
to express the hyp. log. of 2, which is = -69314718.

Here ¢ = 1, =

¢ =1, d =%, &e, and the value, as
found by theorem the 1st, 2d, 3d, 4th, 10th, and 20th, will
be thus:

4th =
? 16 i
o 1023a—1013b + &c 7096
10th, e —— =

1048575a— 10
20th, ——————
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Where it is evident that every theorem gives always a nearer
value than the former: the 10th theorem gives the value
true to the 3d figure, and the 20th theorem to the Tth figure.
The operation for the 10th and 20th theorems, will be eastly
performed by dividing, mentally, the numbers in their re-

H"il'c‘.':'ill\t.' columns in the table of coefficients in Art. 11, |1_'_.-'

the ordinate numbers 1, 2, 8, 4, 5, 6, &e, placing the quo-
tients of the alternate terms below each other, then adding
each up, and dividing the difference of the sums continnally
five or ten times successively by the number 4: after the
mauner as here placed below, where the operation is set down

tor both of them.

1. For the 10th Theorem. 2. For the 20th "Theorem.

Again, to perform the operation by taking the successive
sums, and the arithmetical means: let the terms X, s LG,
be reduced to decimal numbers, by dividing the common nu-
merator 1 h}' the denominators 2, 3, 4, &c, or rather h."' taking
these out of the table printed at the end of this volume, which
contains a table of the square roots and reciprocals of all the
numbers, 1, 2, 3, 4, 5, 6, &c, to 1000, and which is of great
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use in such calculations as these. Then the operation will
stand thus :

The terms. | Suc. sums

+ 1 : 1

- 02 05

+ 353333

e The several orders'of means.
Fop:l

— 166666

+ 1492857

— 125
4+ 111111
- 1

+

Here, after collecting the first twelve terms, I begin at the
bottom, and, ascending upwards, take a very few arithmetical
means between the successive sums, E\‘.;win;_-; them on the rigl‘.t
of them : it being unnecessary to take the means of the whole,
as any part of them will do the business, but the lower ones
in a converging series best, because they are nearer the value
sought, and approach sooner toit. I then take the means of

the first means, and the means of these again, and so on, till

the value is obtained as near as may be necessary. In this
process we soon distinguish whereabouts the value lies, the
limits or means, which are alternately above and below it,
gradually contracting, and approaching towards each other,
And when the means are reduced to a single one, and it is

found necessary to get the valne more exactly, I then go

back to the columns of successive sums, and find another

first mean, either next below or above those before found,

and continue it through the 2d, 34, &c, means, which makes
now a duplicate in the last column of means, and the mean
between them gives another single mean of the next order ;
ual

progress we use no more terms nor labour than is quite re-

and so on as far as we see it necessary. By such a ora
. or

quisite for the degree of accuracy required.

Or, after having collected the sum of any number of terms,
we may e:ppi}_' any of the formule to the followine terms,
So, having as above found 653211 for the sum of the first
12 terms, and calling the next or 18th term '076923=g¢, the
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14th term *0714285=4, the next, ‘06666 &c =¢, and so on:

Sa—b I
then the 2d theorem =7 gives '039835, which added to

LT I Iyl o | e et S A ye
653211 the sum of the first 12 terms, aives *693046, the va-
Iue of the series true in three places of figures ; and the 3d

Ta—404-¢ A 9= :
theorem ————— gives 039927 for the following terms,
m § {

and which added to *653211 the sum of the first 12 terms,
gives 693138, the value of the series true in five places. And
S0 on.

13. For a second example, let us take the slowly converg-

.4+ & - 724 &e, whichis = % 4 hyp.

ing series —3 | 4

log. of 2=1-19314718. Then the process will be thus.

Terms, Sue.sums
y o

i
i | 0O

+ 1 1

— 125 Arithmetical means,

4 12

= 1 166G66

+ 1149855

— 1°123 157
4 111111 '..-'-.l:'ll',|5,7
=" e ( 140 | 14

+ 1:000

— 1-U8333!

Here, after the 3d column of means, the first four figures
1'198, which are common, are omitted, to save room and the

n so often down ; and in the last three

trouble of wri

colomns, the process is repeated with the last three figures of

each number ; and the last of these 147, joinad to the first

fo
1

t}]t’ Sdie vaitlle

ur, _5:‘5.‘.‘.- 1:193147 for the value of the series ln'fr;_ilarw'tl. And

. 1 . 1
is also obtained by the theorems used asin the

former example.

14. For the thivd example, let us take the converging series
l1— 343+ —F 4+ — 7+ &c, which is =-7853981 &ec, or 3 of

the circumicrence of the cirele whose diameter 1s 1.  Here
1

a=1,b=1% ¢=1, &c, then turning the terms into decim:

and proce » with the successive sums and means as be-

an true within a unit in the Gth

fll':i‘L', We «

place as here below :

——— e
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Terms.

8. I

]S.sums|

NFINITE SERIES,

"‘_ {1]_ : 'rl"t‘ﬁr\:
— 142857 | e Arithmetical means.
¥ i) Sessal
— Q90909 ";"‘"m'* 8o
y rEO0a E 18057 aE
SRt n85641 | 189339 | 785381 | 1o nan
= 66667 | 5 - | 185434 =anm. | 185397
p a 85227 785407
823 | : 785380
5 84260 785522
S 18426
7 619 | 808075
To find the value of the converging series

B8 aaNet 6t IR E (BT
T trEtrEre a6t

which oceurs in the expression for determining the time of a
body’s descent down the arc of a circle,

The first terms of this series I find ready computed by
Mr. Baron Maseres, pa. 219 Philos. Trans. 1777 ; these be-
ing arranged under one another, and the sums collected, &c,
as before, give *834625 for the value of that series, being

only 1 too little in the last figure.
Terms, S.sums I
+ 1 5
- 0025 490625 |

79206

Arithmetical means,

834372 E o
+ S 854584 e
3! ] ‘ 834061E R o
- 834796 | ggapno | 834618 | ggyp05
834500 | 834610 834631
E>_H 711 I

16. To find the value of 1 —X41f -t 4 1 —&c, consisting

I o
of the reciprocals of the natural series of square numbers.
Terms. S.gums
+ 1 -
. (gias 2 13
2 4
Yy g
— Lla'.:_) | 838611 Arithmetical means,
L 1112 a
10833
T i
o '.g | 831241
Tapdaa semml
i | 822576 <
- ]i.l-u g 3 892468 | oppyen
L 2 802466 | 52246
+ 08 ‘|': |
— l]\] l‘*
+ 5017
VOL. I. 0
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The last mean *822467 is true in the last figure, the more
accurate value of the series 1 — & + 5 — % + &c, being
8224670 &ec.

17. Let the diverging series § — % 4 $ — ¢ + &c, be
proposed ; where the terms are the reciprocals of those in
Art, 13.

Terms. | Sue. sums 1

+ 5 + 3

— 666666 | — 166666

+ + 58 Arithmetical means
— 216666

193056 .
193205 1.)1 144 I 1477
195110 140 15C

193173

197024

| 188095
g
* 1100080

192560 1

909091 | — ¢

G166671 +

+ 9 +
4

Here the successive sums are alternately + and —, as well
as the terms themselves of the proposed series, but all the
avithmetical means are positive. The numbers in each co-
lumn of means are alternately too great and too little, but so
as visibly to approach towards each other. The same mu-
tual approximation is visible in all the oblique lines from left
to right, so that there is a general and mutual tendency, in
all the columns, and in all the lines, to the limit of the value
of the series. But with this difference, that all the numbers
in any line descending obliquely from left to right, are on
one side of the limit, and those in the next line in the same
direction, all on the other side, the one line having its num-
bers all too great, while those in the next line are all too
little ; but, on the contrary, the lines which ascend from be-
low obliquely towards the right, have their numbers alter-
nately too great and too little, after the manner of those in
the columns, but approximating quicker than those in the
columns. So that, after having continued the columns of
arithmetical means to any convenient extent, we may then
select the terms in the last, or any other line obliquely as-
cending from left to right, or rather beginning with the last
found mean on the right, and descending towards the left ;
then arrange those terms below one another in a column, and
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take their continual arithmetical means, like as was done with
the first succesive sums, to such extent as the case may re-
quire. And if neither these new columns, nor the oblique
lines approach near enough to each other, a new set may
be formed from one of their oblique lines which has its terms
alternately too great and too little. And thus we may pro-
ceed as far as we please. These repetitions will be more
necessary in treating series which diverge more ; and having
here once for all described the properties attending the series,
with the method of repetition, we shall only have to refer to
them as occasion shall offer. In the present instance, the last
two or three means vary or differ so little, that the limit may
be concluded to lie nearly in the middle between them, and
therefore the mean between the two last 144 and 150, namely
147, may be concluded to be very near the truth, in the last
three figures ; for as to the first three figures 193, repetition
of them is omitted after the first three columns of means, both
to save space, and the trouble of writing them so often over
again. So that the value of the series in question may be
concluded to be 193147 very nearly, which is = — x4+
the hyp. log. of 2; or 1 less than its reciprocal series in
Art, 13.

FRe Sl : SRR T R PR T (]
. lake the diverging series — — =— o
R S aDMCaeY R B 5. 8510

&e.  Here, first using some of the formule, we have by the

Ist, — = *625.

2d, = 57292,

Ta—4b+c i)
e = '56966.

15a— 110+ 5c—d
4th, Shis = +56911.
16
3la—26b0-416c—6d-+¢
32

Or, thus, taking the several orders of means, &c.

3d,

5th, = 56907, &c.

02
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Arithmetical means,
-+ 125
1:458

+ 1 r'u-f‘

S9083a ) A s
!51[\'—18[1 “]“hip_r.‘

l"'""'

Terms. [ Suc. sums.

8685 | cain
qa55 | .-,W'I:

+ + l!"nhi
i — |1 512044
o+ '] + . 1:713603
- 2 "!#"-" 94 | — 0635691

Here the successive sums are alternately 4- and —, but the
arithmetical means are all 4. After the second column of
means, the first two figures 56 are omitted, being common ;
and in the last three columns the first three figures 569, which
are common, are omitted. Towards the end, all the nom-
bers, both oblique and vertical, approach so near together,
that we may conclude that the last three figures 035 are all
true; and these being joined to the first three 569, we have

569035 for the value of the series, which is otherwise found =
2442 .
—_— 56908559 &c.
b

19. Let us take the diverging series

T gt 4 i o 38— 28 o &y

W 15 ..}..

Terms. |

Arithmetical means

After the :-.('L()ud L'u]klmn of means, the first four figure:
1'943 are omitted, being common to all the following co-
lumns ; to these annexing the last three figures 147 of the
last mean, we have 1°943147 for the sum of the series, which
we otherwise know is equal to £ 4+ hyp. log. of 2. See
1 > :

Simp. Dissert. Ex. 2. p. 75 and 7¢

And the same value might be obtmuul by means of the

formule, using them as |.)L ore.
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20. Taking the diverging series 1 — 2 + 3 —4 + 5 — &c,

. : : 1 1 1 .
tormed from the radix (m R i= sl =% by di-

viding 1 by 1 + 2 + 1; the method of means gives us the
following.

Terms. | Sums. Means.
+ 1 + 1

AR Ly 0 1

1 T

+ 8 + 0 Z i

i 0.1 %

= =iyl 4

Foa e | 0 ¥
- 6 LRy

Where the second, and every succeeding column of means,
gives & for the value of the series proposed,

[n like manner, using the theorems, the first gives x, but

o

the second, third, fourth, &c¢, give each of them the same
value 15 thus:
@
— e s 7 T
7 =
Sa—b 3—2 I
._.l—__. - 4 i i Bk
Ta—4b+c¢ T—8-48 2 1
e e s e L
a— 1104 5¢—d 4 1
TG e 16 g

21. Taking the series 1 — 4 4+ 9 — 16 + 25 — 36 + &e,
whose terms consist of the squares of the natural series of
mun'hcl‘.»', we lm\‘u, IJ)' the arithmetical means,

Terms. | Sums. Arithmetical means,
ol | e |

- i ;
- 4 — 3 ; + 4

: L TR = | 0
$1iH9 4arB e — 2 0
BTG i 2 g

o L + 24 ‘ AR 0
L 95 i 2 i
— 36 —~ a1 T

Where it is only in the second column of means that the
divergency is counteracted ; after that the third and all the
other orders of means give 0 for the value of the series
AT AT e R

S —

{
!
i
'.
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The same thing takes place on using the formule, for

@ e
Sa—b §—4 1
Z g A
Ta—wif A —16ka | f——u
8 = 8 TR
15a=11b4-5c—d 0 15—44+45—-16 0 5
16 e 16 .16

where the third and all after it give the same value 0.

22. Taking the geometrical series of terms 1 —2+4—8+-

: ; 1 1 T
&ec, derived from the radix T2 = by actually dividing

o

Terms. | Sums. Arithmetical means,
+ 1|+ 11+ 4 Y
EETIS ) e | 0 ] *
-+ 41 + 8. 0 ,;
= B — =il ] 3
+ 16|+ 11f+ 317 g | &
ST Y bSO 0
+ 3
¥ 64| 4 a3l T1§E 5 + 1
— 128 — 85|— @11° S gt
+ 2560 + 1710 + 4817 el Ry

Here the lower parts of all the columns of means, from
the cipher 0 downwards, consist of the same series of terms
4+ 1=—14+8—5+ 11 —21 4 43 — 85 4 &c, and the
other part of the columns, from the cipher upwards, as well
as each line of oblique means, parallel to, and above the
line of ciphers, forms a series of terms 1, %, §, 5
1 28 41 4
- Q_“. , alternately above and below the value of the series,
and approaching continually nearer and nearer to it, and

(PR FL0 |

32
which, when infinitely continued, or when % is infinite, the
term becomes & for the value of the geometrical series,
1—2 448416~ &

And the same set of terms would be given by each of the
formulee.
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28. Taking the geometrical series 1 —3+9—274-81~ &c,

: ; 1 1 e
obtained from the radix — = —, by dividing 1by 1 4-83.
143 4°
Terms. | Sums. Arithmetical means.
S T A (e 0] ,
—‘G'—Q—'e_‘._- 15 1 "'% U.‘- é (!‘-*
+ 8|+ 7 + 9= e|T 3 ol 314 i i
qr:'r-—fm'-—ﬁ-}+7+6§_H+9$—‘3_
+ 81| + 61| +20%]| = 20| — 641+ 7

Here the column of successive sums, and every second column
of the arithmetical means, below the 0, consists of the same
series of terms 1, —2, +17, —20, + &c, while all the other
columns of means counsist of this other set of terms 1, —1,
+24, —64, + &c; also the first oblique line of means, £, 0,
5 0, 4, 0, &c, consists of the terms £ and 0 alternately, which
are all at equal distance from the value of the series proposed
1—3 4 9 —27 4 81 — &, as indeed are the terms of all the
other oblique descending lines. And the mean between every
two terms gives L for that value, And the same terms would
be given by the formule, namely alternately £ and o.

And thus the value of any geometrical series, whose ratio

or second term is 7, will be found to be = —lm_
17

24. Finally, let there be taken the hypergeometrical series
1—1+42-6424—-1204&c=1—14+2B— 3c+4D—5E4
&c ; which difficult series has been honoured by a verv cona
siderable memoir written on the valuation of it by the cele-
brated L. Euler, in the New Petersburg Commentaries,
vol. v, where the value of it is ut length determined to be

5963473 &c.

To simplify this series, let us omit the first two terms
| — 1 = 0, which will not alter the value, and divide the re-
maining terms by 2, and the quotients will give 1 —3412
60 4 360 — 2520 + &c; which, being half the proposed
series, ﬂllf,[lll‘ to have for its value the half of 596 347 &e,

namely *298174 nearly.
Now, ranging the terms in a column, and tal

iang the sums
and means as usual, we have
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Terms.| Sums. Arithmetical means.

o+ :Ii+ 11+ 4

e .-sl_ 9|— 4

ey | Tl A T e

—  60|]— 50|
+ 360|+ 810j+ 130| ,
Z g530|— e210|— as0l,
+20160" + 17950 + 78707

|
| _'i',{l-u':,‘:;:;si

el M |

Where it is evident, that the diverging is somewhat dimi-
nished, but not quite counteracted, in the columns and ob-
lique descending lines, from beginning to end, as the terms
in those directions still increase, though not quite so fast as
the original series ; and that the signs of the same terms are
alternately 4 and —, while those of the terms in the other
lines obliquely ascending from left to right, are alternately
one line all 4, and another line all —, and these terms con-
tinnally decreasing. The terms in the oblique deseending
lines, being alternately too great and too little, are the fittest
to proceed with again. Taking therefore any one of those
lines, as suppose the first, and ranging it vertically, take the
means as before, and they will approach nearer to the value

of the series, thus:

Here the same approximation in the lines and columns, to-
wards the value of the series, is observable again, only in a
higher degree; also the terms in the columns and oblique

descending lines, are again alternately too great and too

little, but now within narrower limits, and the signs of the

terms are more of them positive ; also the terms 1n each ob-

v

1e ascending line, are still either all above or all below the

lue of the series,and that alternately one line after another,
as before. But the descending lines will again be the fittest

to use, because the terms in each are alternately above and

below the value sought. Taking therefore again the first of

these oblique descending lines, and treating it as before, we
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obtain sets of terms approaching still nearer to the value,
thus :

206875
996875

. 1208306
., I
36 | 5

Here the approach to an l_'tIlul!‘llIV, among all the lines and

301271 |
2091748

columns, is still more visible, and the deviations restricted
within narrower limits, the terms in the ::bi.illm-. ascending
lines still on one side of the value, and gradually inereasing,
while the columns and the oblique descending lines, for the
most part, have their terms alternately too great and too
little, as is evident from their alternately becoming greater
and less than each other: and from an inspection of the
whole, it is easy to pronounce that the first three figures of
the number sought, will be 298, Taking therefore the last
four terms of the first descending line, and !n‘t.u‘vn':iitu;' as

before, we have

298306 ‘

s 1 B A i | 1 F ¢ a I . 1 1
And, finally, takine the lowest ascending line, because it bhas
most the appearance of being alternately too great and too

little, proceed with it as before, thus:

swhere the numbers 1n the lines and columns oradually ap-
proach nearer I'Il-;_!"l_'lill_'l', till the last mean is true to the m..-:n‘u;\i
unit in the last figure, giving us 298174 for the value of the
|n‘nimn‘ti 51_\ ]Je'l'gl‘t}lllilrl'it':il series 1 — 3 <12 —60 - 360 —
2520 4 20160 — &e.

And in like manner are we to proceed with any other series
whose terms have alternate signs.

Royal Military Academy,
Woolwich, May, 1
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POSTSCRIPT.

Since the foregoing method was discovered, and made
known to séveral [riends, two passages have been offered to
my consideration, which T shall here mention, in justice to
their anthors, Sir I. Newton, and the late learned Mr. Euler,

The first of these is in Sir Isaac’s letter to Mr. Oldenburg,
dated October 24, 1676, and may be seen in Collins’s Com-
mercaum Epistolicum, p. 177, the last paragraph near the
bottom of the page, namely, Per seriem Leibnutic etiam, st
ultimo loco dimidium termini adjiciatur, e# alta quadan simi-
lia artificia adhibeantur, polest computum produce ad mudias
figuras. The series here alluded to, is 1 =341 —s 41— 1+
&c, denoting the area of the circle whose diameter is 1 ; and
Sir Isaac bere directs to add in half the last term, after hav-
ing collected all the foregoing, as the means of obtaining the
suma little exacter. And this, indeed, is equivalent to taking
one arithmetical mean between two successive sums, but it
loes not reach the idea contained in my method. Tt appears
also, both by the other words, et alia quedam similia artificia
adlubeantur, contained in the above extract, and by these, alius
artes adhibuissem, a little higher up in the same pa. 177, that
Sir Isaac Newton had several other contrivances for tﬂ;tu"lni.'};;
the sums of slowly converging series; but what they were,
it may perhaps be now impossible to determine.

The other is a passage in the Novi Comment. Petropol.
tom. v.p. 226, where Mr, Euler gives an instance of taking

one set of arithmetical means between a series of quantities

which are grad ually too little and too great, to obtain a nearer
value of the sum of a series in question. But neither does
this reach the idea contained in our method. However, 1
have thought it but justice to the characters of these two
eminent men, to make this mention of theirideas, which have

some relation to my own, though upknown to me at the time

— ol TP
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