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TRACT VIIL

A DISSERTATION ON THE NATURE AND YALUE OF INFINITE
SERIES.

1. ABour the year 1780 I discovered a very general and
easy method of valuing series, whose terms are alternately
positive and negative, which equally applies to such series,
whether they be converging, or diverging, or their terms all
equal ; together with several other properties relating to
certain series: and as there may be occasion to deliver some
of those matters in the course of these tracts, this opportu-
nity is taken of premising a few ideas and remarks, on the
nature and valuation of some of the classes of series, which
form the object of those communications. This is done with
a view to obviate any misconceptions that wight perhaps be
made, concerning the idea annexed to the term value of such
series in those tracts, and the sense in which it is there always

to be understood ; which is the more necessary, as many con-
Y ]

ters, not only of late, by some of our own countrymen, but
also by others among the ablest mathematicians in Europe,
; and all
this, it seems, through the want of specifying in what sense

at different periods in the course of the last century

the term value or sum was to be understood in their disser-
tations. And in this discourse, I shall follow, in a great
measure, the sentiments and manner of the late celebrated
L. Euler, contained in a similar memoir of his in the fifth
volume of the New Petersburgh Commentaries, adding and
intermixing here and there other remarks and observations
of my own.

2. By a converging series, is meant such a one whose
terms continually decrease ; and by a diverging series, that
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whose terms continually increase. So that a series whose

terms neither increase nor decre:

but ave all equal, ast hey

er converge nor diverge, may be called a neutral series,

as &« — @& + a — a + &e. Now converging series, being sup-
posed infinitely continued, may have their terms decreasing
to 0 as a limit, as the series 1 — £ 4 ¢ — 5+ &c, or only
decreasing to some finite magnitude as a limit, as the series
* — 3 4+ 4 — 5 4+ &c, which tends continually to 1 as a
limit. So, in like manner, diverging series may have their
terms tendine to a limit, that is either finite or infinitely

cat: thus the terms 1 — 2 + 8 — 4 + &, diverge toin-

finity ; but the diverging terms £ —% 4+ § — ¢ + &e, only
to the finite magnitude 1. Hence then, as the nltimate terms
of series which do not converge to 0, by supposing them
continued 7 anfindtum, may be either finite or infinite, there
will be two kinds of such .~;l’.1"j\'.~, each of which will be further
divided 1

be all affected with the same sign, or have alternately the

1to two species, according as the terms shall either

iens 4- and —. Wae shall, therefore, have altogether four

species of series which deo not converge to 0, an t‘)\'u['llpln_‘. ol

each of which may be as here follows :

! (14141414 14 14 &

' Ptititet i+ 5+ &
2 Ui st iilisd ol i (il Bt o
_I &i— 3+ s+ §— §+ &

p—d+ %

i S'l +24+3+44+ 5 4+ 6 4+ &ec.
2 ¢14+24448+4 + 82 + Xec.
S] — 938 =44 5= 6+ &,
01 —2 4+ 4~ 84 16 — 32 4 &c.

3. Now concerning the sums of these species of series,
there have been great dissensions among mathematicians ;
some affirming that they can be expressed by a certain sum,
while others deny it. In the first place, however, it is evi-
dent that the sums of such series as come under the first of

these species, will be really infinitely great, since by actually
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collecting the terms, we can arrive at a sum greater than any
proposed number whatever: and hence there can be no doubt
but that the sums of this species of series may be exhibited

v ‘ o il - .
Il‘-\ expressions oi iltl:" LJH!: . [t 15 concermng ‘.'].i\'.: l)t!']l.‘-].'
(0]

species, therefore, that mathematicians have chiefly differed ;

and the arcuments which both sides allege in defence of their

opinions, have been endued with such force, that neither

party could be hitherto brought to yield to the other,

4. As to the second species, the celebrated Leibnitz was
one of the first who treated of this series1 — 1 + 1 =1

I
1
1 — 1 ++ &c, and he concluded the sum of it to be = 1

relying on the following cogent reasons. And first, th:

y . T g ; i . ’

SEeries arises ].'\' resolving the iraction ——— 1nto the series
p! 5 I 4+ @

L tnis

1 —a
the us

—a + a* a® 4 &ec, by continual division in

ue of a equal to unity.

Secondly, for more confirmation, and for persuading such as
are not accustomed to calculations, he reasons in the follow-

ing manner: If the series terminate any where, and if the

number of tl 'ms be even, then its value will be = 0;
but if the number of terms be odd, the walue of the series
will be = 1: but because the series proceeds or infinidtum,
and that the number of the terms cannot be reckoned either
odd or even, we may conclude that the sum is neither = 0,
nor = I, but that it must obtain a certain middle value,

equidifferent from both, and which is therefore = £ And

thus, he adds, nature adheres to the universal law of justi

giving no partial preference to either side.
5. Against these arguments the adverse party make use of
such objections as the followin

L gisint
e TR 15 10t l'{lll'd.
1 + a

First, that the fraction

o,
L=

to the infinite series 1 — @ + a* — a® +

&e, unless a be afraction less than unity. For if the division
be any where broken off, and the quotient of the remainder

be added, the cause of the p:

ralogism. will be manifest ;
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. . .
for we shall then have Rt W 1 gt - a
@€
d.‘.\ + 1
+ a” F W and that, although the number n should
7 L
a.ll _P, i

be made infinite, yet the supplemental fraction F ——

i |l + a
ought not to be omitted, unless it should become evanescent,
which happens only in those cases in which a is less than 1,
and the terms of the series converge to 0. But that in other
cases there ought always to be included this kind of supple-

at+?

ment F l——+——-;, and though it be affected with the dubions
sign F, namely — or + according as 2 shall be an even or
an odd number, yet if z be infinite, it may not therefore be
()Hlilted, 1‘1]1(1(:1‘ lhl.‘ llTCtL:Ill:(', “]llt an illnllitﬁ ]]lll]]ﬁ)l'T l'| 'I‘l'.it.]l(.'l'
odd nor even, and that there is no reason why the one sign
should be used rather than the other; for it is absurd to sup-
pose that there can be any integer number, even though it
be infinite, which is neither odd nor even.

6. But this objection is rejected by those who attribute de-
terminate sums to diverging series, because it considers an
infinite number as a determinate number, and therefore either
odd or even, when it is really indeterminate. For that it is
contrary to the very idea of a series, said to proceed n nfi-
nitum, to conceive any term of it as the last, though infinite :
and that therefore the objection above-mentioned, of the
supplement to be added or subtracted, naturally falls of 1tself.
Therefore, since an infinite series never terminates, we never
can arrive at the place where that supplement must be joined ;
and therefore that the supplement not only may, but indeed
ought to be neglected, because there is mo place found
for it.

And these arguments, adduced either for or against the
sums of such series as above, hold also in the fourth species,
which is not otherwise embarrassed with any further doubts
peculiar to itself,

7. But those who dispute against the sums of such series,
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think they have the firmest hold in the third species. For
though the terms of these series continually increase, and
that, by actually collecting the terms, we can arrive at a
sum greater than any assignable number, which is the very
definition of infinity ; yet the patrons of the sumsare forced
to admit, in this species, series whose sums are not only
finite, but even negative, or less than nothing, For since

the fraction

, by evolving it by division, becomes
—a ;
1+ a+ @+ & + a* + &c, we should have

-l—-?:—1=l+2+4+ 8 4+ 16 + &c,

T—3=_;-=1+:ﬂ;+9~{-21’+81Jr&c,

which their adversaries, not undeservedly, hold to be absurd,
since by the addition of affirmative numbers, we can never
obtain a negative sum ; and hence they urge that there is the
greater necessity for including the before-mentioned supple-
ment additive, since by taking it in, it is evident that

gn4 I
—lis=14+244+8 . . . . . Q"+; =

though n should be an infinite number,

8. The defenders therefore of the sums of such series, in
order to reconcile this striking paradox, more subtle perhaps
than true, make a distinction between negative quantities ; for
they argue, that while some are less than nothing, there are
others greater than infinite, or above infinity. Namely, that
the one value of — 1 ought to be understood, when it is
concelved to arise from the subtraction of a greater number
a + 1 froma lessa; but the other value, when it is found
equal to the serles 1 + 2 + 4 4+ 8 + &c, and arising from
the division of the number 1 by — 1; for that in the former
caseit is less than nothing, but in the latter greater than infi-
nite. For the more confirmation, they bri-ng this example
of fractions

i

1 1 | 1
3 LEmL L

1 1 1
T YO ey S W W e i 4
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(b4

which, evidently increasing in the leading terms, it is inferred

St

will (‘.:1!11inn:1||_',‘ increase ; and hence they conclude that —

; 1 1
is greater than %, and ——= oreatef than — T and so on: and

) 15 St
therefore as 3 15 i'.‘\'['ll'(‘:-:"\'ll by —1, and % by « , or infinity,

—1 will be greater than - , and much more will = _z be

than « . And thus they ingeniously enough repel-

apparent absurdity by itself.

9. But though this distinction seemed to be ingeniously

wdversaries; and

devised, it gave but little satisfaction to
, it seemed to

aflect the truth of the rules of algebra.

Forif the two values of —1, namely 1 —

m each other, as we' may not confound them, the

different fre

Certainty anc

T]l-.- s Ol |.1Il_‘ I'l

1 making

caleculations, would be quite done away: which would be a
| i

| B i | 1 ] 13 1 Py
oreater absurdity than that for whose sake the distinction
=

was devised: but if 1 — 2 = ——, as the rul

require, for by multiplicati

the matter in debate is not settled; since the
to which the series 1 4+ 2 -+ 4 4 8 + &c, Ism

less than nothing, and therefore the same ¢

mains. In the mean time howeve 16 ITHS
to truth, to that the same quantities ich are belaw
nothing, may be taken as above infinite. For we know, not

only from aloe! try also, that there are

two ways, by v rom positive to negative,

the other through

the onethrough the C:

infinity: and besides, that guantities, either by inereasing or

in, and revert to the
|

same term O : so that guantities more than infinite are the

decreasing: from the cypher, return

same with quantities less than nothing, like as quanfities less
than infinite agree with/ quantities greater than nothing.
10. But,.further; those who deny the truth of the sums
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that bave been assioned to diverging series, not only omit to

assion other v

s ut-

* the sums, but even set themselve

sums whatever belonging to such series,

oinary. For a converging series, as

suppose this 1 + + + £ + £ + &e, will admit of a sum
:ause the more terms of this series we actually add,

the nearer we come to the number 2: but in divere

SCT

8}

1 . i " 1
the case 15 quite rent; for the more terms we ud(.!: the

more do the sums which are produced ditfer from one an-
= 1 1 X
other, neither do they ever tend to any certain determinate

sl 13
yvalue, i

-nce they conclude, that no idea of a sum can be
applied to diverging series, and that the labour of those per-
sons who employ themselves in investigating the sums of such
series, is manifestly useless, and indeed contrary to the very
principles of analysis.

I'l. But notwithstanding this seemingly real difference, yet
neit

1er party could ever convict the other of any error, when-
ever the use of series of this kind has ocecurred in analysis ;
and for this good reason, that neither party is in an error,
the whole difference consisting in words only, For if in any

calculation we arrive at thisseries I — 1 41 — 1 4 &c,

hat we substitute I instead of it, we shall surely not

i

should cer-

ereby commit anv error: which however we

tainly incur if we substitute any other number instead of t!

series; and hence there remains no doubt but that the
I — 14+ 1— 14 &e, and the fraction %, are eq
quantities, and that the one ma

SEries

valent

always be substituted instead

of the other without error. So

pute seems to be reduced to this only, n v, whether the

called the sum of the series 1 — 1

3

fraction % can be properly
g esliRa Se N

deny this, since they will not however ventare to deny the

ow if any persons should obstinately

fraction to be n:|l(11\';L]L'[]1 to the s:_‘:'irs_ 1t 18 oreat lv to be I.In.';ll'L'L[
they will fall into. mere quarrelling about words.
10

But perhaps the whole dispute will easily be compro-
mised, by carefully attending to what follows. Whenever,
in analysis, we arrive at a complex function or expression,
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either fractional or transcendental ; it is usual to convert it
into a convenient series, to which the remaining calculus may
be more easily applied. And hence the occasion and rise of
infinite series, So far only then do infinite series take place
in analytics, as they arise from the evolution of some finite
expression ; and therefore, instead of an infinite series, in any
calculus, we may substitute that formula, from whose evo-
lution it arose. And hence, for performing calculations with
more ease or more benefit, like as rules are usually given for
converting into infinite series such finite expressions as are
endued with less proper forms; so, on the other hand, those
rules are to be esteemed not less useful, by the help of which
we may investigate the finite expression from which a pro-
posed infinite series would result, if that finite expression
should be evolved by the proper rules: and since this ex-
pression may always, without error, be substituted instead
of the infinite series, they must necessarily be of the same
value: and hence no infinite series can be proposed, but a
finite expression may, at the same time, be conceived as
equivalent to it.

13. If, therefore, we only so far change the received notion
of a sum as to say, that the sum of any series, is the finite
expression by the evolution of which that series may be pro-
duced, all the difficulties, which have been agitated on both
sides, vanish of themselves. For, first, that expression by
whose evolution a converging series is produced, exhibits at
the same time its sum, in the common acceptation of the
term: neither, if the series should be divergent, could the
investigation be deemed at all more absurd, or less proper,
namely, the searching out a finite expression which, being
evolved according to the rules of algebra, shall produce that
series, And since that expression may be substituted in the
caleulation instead of this series, there can be no doubt but
that it is equal to it. Which being the case, we need not
necessarily deviate from the usual mode of speaking, but
might be permitted to call that expression also the sum,
which is equal to any series whatever, provided however,
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that, in series whose terms do not converge to 0, we do not
connect that notion with this idea of a sum, namely, that the
more terms of the series are actually collected, the nearer we
must approach to the value of the sum,

14. But if any person shall still think it improper to apply
the term sum, to the finite L'XEII‘USH:H)IIS h}' whose evolution
all series in general are produced ; it will make no difference
in the nature of the thing ; and instead of the word sum, for
such finite expression, he may use the term value, or func-
tion, or perhaps the term radiz would be as proper as any
other that could be employed for this purpose, as the series
may justly be considered as issuing or growing out of it, Jike
as a plant springs from its root, or from its seed. The choice
of terms being in a great measure arbitrary, every person is
at liberty to employ them in whatever sense he may think
fit, or proper for the purpose in hand ; provided always that
he fix and determine the sense in which he understands or
employs them. And as I consider any series, and the finite

expression by whose evolution that series may be produced,
as no more than two different ways of expressing one and the
same thing, whether that finite expression be called the sum,
or value, or function, or radix of the series ; soin the follow-
ing paper, and in some others which may perhaps hereafter
be produced, it is in this sense I desire to be understood,
when searching out the value of series, namely, that the ob.-
ject of the enquiry, is the radix by whose evolution the series
may be produced, or else an approximation to the value of
it in decimal numbers, &e.
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