THE
PRINCIPLES OF BRIDGES:

THE MATHEMATICAL DEMONSTRATION OF THE PROPERTIES
OF THE ARCHES, THE THICKNESS GF THE PIERS, THE FORORE
OF THE WATER AGAINST THEM, &C. WITH PRACTICAL OB-
SERVATIONS AND DIRECTIONS DRAWN FROM THE WHOLE.

m A . e . .
I'ais Tract, on bridges, originated from the circumstance

of the fall of Newcastle bridge, in the year 1771; which,
with other particulars relative to the Tract, are noticed in

the Preface to that Edition of it; which was as follows :

THE ORIGINAL PREFACE.

A large and elegant bridge, forming a way over a broad
and rapid river, is justly esteemed one of the noblest picces
of mechanism that man is capable of performine. And the
usefulness of an art which, at the same time that it connects
distant shores by a way over the deep and rapid waters, also
allows those waters and their nay igation to pass smooth and
uninterrupted, renders all probable attempts to advance the
theory or practice of it, highly descrving the encouragement
of the public.

This little book is offered as an attempt towards the im-
provement of the theory of this art, in which the more es-
sential properties, dimensions, proportions, and other rela-
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tions of the various parts of strictly demon-

idge, a

strated, and clearly illustrated by various examples. [t is

li}\'llljl‘[} into five sections: the 1st treats on the !;'|'l-.|l'i‘i.‘_': of

bridwes, containine a regular detail of the various circum-

o

stances and considerations that are cognizable in such pro-

2d treats on arches, demonstrating their various

dos and ex-

properties, with the relations between their in

trados, and clearly distinguishing the most p
; ) g [

ferable curves

first two or three propositions

to be used in a bric
being instituted after the manner of two or three done by

hamies. The 3d sec-

Mr. Emerson in his Fluxions and Mec

tion treats on the piers, demonstrating their thickness ne-

ssary for supporting any kind of an arch, s ng at any

th when part of the pier 1s supposed to be im-

height,

mersed in water, and when otherwise. h demonstrates

the force of the water against the end or face of the pier,

considered as of different forms; with the best form for di-

]

i B 1 i ,. 1% 1c 1.1 1 k1 .} & o
viding the stream, &c. and to it is added a table, showing

the several heights of the fall of the w:

1 P
er the arches,

arising from 1fs velocity 2 1 of the plers; as

rht, Fsq. of Auck

it was composed by '.lu'|., in the

forms me it is part of a work on

of Durham, who in

coun

which he has spent much time, and with which he intends to

favour the public. And the 5t section contains a

Dictionary of the most m: to the sub-

ject: in which many prac observations and directions

rly nor i:mpcl'l_\' 111~

are given, which co regul

troduced into the former sections. The whole, it is pre-

sumed, containil directions for constituting and adapt-
ing to one anot al ntial parts of a bridege, so

«
d the most convenient, both

as to ma

m and

- and under it, which the sit

for the

other circ tances will admit: not indeed for the actual
_I.I,_\_I:!L‘. nf .U-‘;-ln:_': ﬂ]g _t.:t_._r'._'\\-\:.‘ i ‘_':!-[_' i-I:‘

metn ol r, Or the

".:‘,1L-'L;1}|l'{'(|J
|l architect, as

1 ertaking ; and for the

ing no part of the pl
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reason also nere are not oiven any

but enly prints of such parts or hgures ( Y I
3 | o o e o v {1 -
(\!J.l“||.|_ Ll elclncenidnr\y |L:I. 0Ol 51

A ) . £ : ¥ - 4 1 't : e 1 .

AS My proiession 1s not that of an archi prob

»d my thou '.';"w to this subjer I, S0

b {i
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L« tne coun 1
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4._\' i 1 1‘|\ i
flo WA 1 t Newcast 1
suai 'j||-l:|_'_'_":.f:-. wine furnt |
with ma 0] al tl

B , nib, Lh
demonstrations of the ions of the of a
would not be unacee to those architects a
v I 10
effect
Ne
The oricinal edi print, and the

1 1 L 1 :
much asked for, a new edition was p1

7 co d on a parti
cular 10c; 1 OW as sudl-
denly the p { a , of
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rl-i‘:lii
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propositions, and numerous observations, both practical and
scientific.  To the end is also added an Appendix, being the
author’s report to the Committee of Parliament, on the pro-
ject for a new cast-iron bridge, of one arch, over the river at

London; and several other appropriate appendages.

SECTION I

ON THE PROJECTS OF BRIDGES; WITH THE DESIGN,
THE ESTIMATE, C.

WHEN a bridge is deemed necessary to be built over a
river, the first consideration is the place of it; or what par-
ticular situation will contain a maximum of the advantages
over the disadvantages, In agitating this important ques-
tion, every circumstance, certain and probable, attending or
likely to attend the bridge, should be separately, minutely,
and impartially stated and examined; and the advantage or
disadvantage of it rated at a value proportioned to it; then
the difference between the whole advantaces and disadvan-
tages, will be the net value of that particular situation fo
which the calculation is made. And by doing the s

ame for
other situations, all their net values will be found, and of

consequence the most preferable situation among them.—

Or, in a competition between two places, if each one’s ad-
vantage over the other be estimated or valued in every cir-
cumstance attending them, the sums of their advantages will
show which of them is the better. And the same being done
for this and a third, and so on, the best situation of all will
be obtained. :

In this estimation, a great number of particulars must be
included ; nothing being omitted that can be found to make
a part of the consideration. Among these, the situation of

the town or place, for the convenience of which the bridge
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viefly o be made, will naturally produce an article of

- others, if necessary,

ence and a great n

o be sacrificed to it. If pos , the bridge should

be placed where there can conveniently be opened and made

passages or streets from the end of it in every direction, and

one as nearly in the direction of the bridge itself

as possible, tending towards the body of the town, without

communicating

narrows or crooked windings, and ea

with the chief streets, thoroughfa vd here ever;

S e
S OO ——

person, in judy r of this, should divest himself of all partial

ents whatever ; think and determine for

le only, and for posterity as well as for

s or declivities towards the river ar

s also of par-

1 = i 3 £ 41
I concern, as they affect the convenlency ol the

» and from the bridge, or determine the height of it, on

'reat measure depends the e e, as well as the

convenience of passage. The breadth of the river, the na-

vigation upon it, and the quantity of water to be passed, or

the velocity and depth of the stream, form also considera-
1

tions of great moment ; as they determine the bridge to be

higher or lower, longer or shorter. However, in most cases,

a wide part of the river ought rather to be chosen than a nar-

row one, especialiy it it 1s subject to great tides or floods: for,

d veloeity of the stream in the na

T
the increa r

aw part, r.‘l'il}'_,‘"

again augmented by the further contraction of tl

the piers of the bridge, will both incommode the n:

through the arches, and undermine the piers and en anger

:whole bridge. The nature of the bed of the river is also

g0

at concern, it having a oreat influence on the expe

as upon it, and the depth and velocity of the stream, depend

the manner of laying the foundations, and builc

These are the chief and capital articles of consideration,

which will branch themselves out into other dependent ones,

and so lead to the required estimate of the whole.
Having resolved on the place, the next considerations are,

+} {

he form, the estimate of the expense, and the manner of
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sveention. With resnect to the form: stre h. utilitv, and
ex 1T100N. L respect to the form; tren , UtINty,
recarded and w |; the clnet part oL
shes,  The form of the arches will l'.-"].‘l‘lill

span ; and the ]H‘i.t;'int' on that of the water,

ion, and the adjacent ban! They ought to be

they may easily transmit the water at

v from tides or floods; and their

and 1"_;I1I'L‘ Hl!'.i.‘.:l to be such as will !'.s.\'!ll\' allow of

oe of the craft through them. This, and

ing their figure. Their spans will be known by dividing

vhole breadth of the river into a convenient number of

ind piers, allowing at least the necessary thickness of

arcl

the whole. In fixing on the number of

e piers out of
i

en; and few and

r, 1f convenient: For

foundations and piers to

centres, which will ]n'm_lm\-

and besides, the arches them-

an
i

ted in elliptical, orin cy-
o
11

|
clent to

h of which, it may be suf
lately built at Black-

ht pe
I

FI‘\})R 1)\' ac-

, 1f the piers were

» are too thick, and clumsy, and

ss oraceful by the double co-
So that Blackiriar’s arches and

would be }1i'L'iL'i'£Li!.\' to either

horizont: \:..'!f_'_ thic

be a little lower at
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crease from the middle towards the ends; but if

the ends than the midd

e, which om happen, they

may then increase towards the ends, A choice of the most
convenient arches is to be made from some of the following
-

i : : : i
propositions, where their several properties and eliccts

e
demonstrated and Imir!:‘v:.i out: Among these, the (“1]}“(.‘,
ceycloidal, and equilibrate arch, will generally claim the pre-

ference, as well on account of the strength, and beauty, as

cheapness or saving in m iterials and labour: Other p
lars also concerning them may be seen under the word ArcHu
in the Dictionary in the last section.

Next find wi

necessary for the arches. For which see

it thickness at the keyst

t
in the Dictionary in the 5th section.—Having thus ol

all the parts of the arches, with the height of tl

necessary thickness of the piers the
computed. This done, the chief and material requisites are

found; the elevation and plans of the desi

drawn, and the calculations of t

cluding the foundations, with such ornamental or accidental

appendages as shall be thought fit ; which, bei

the plan of this undertaking, is left to cy of the
Architect and Builder, together with the prac ds of

carrying the design into execution. I shall however, in the
Dictionary, in the last section, not only describe the terms

ieir dimension

parts, machines, &e, but also speak of

o else material

perties, and any thi

to which therefore I from hence refer for more explicit in

11

formation in each particular ar

(8] ]:u.-\.\_o

mediate

SRy 3 s ; AR
rollowing ]u‘ti-.]n.i»lll-_\l‘w;_. 1 wiich ti

arches, piers, &c, are fully and strictly demonst
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SECTION II.
OF THE ARCHES.

PROPOSITION 1.

Let there be any number of lines AB, BC, ¢, DE, &c. all
th the same wertical plane, connected together and moveuble
about .-‘,f.lr.";-u.ﬂ'ash' or angles A, B, C, Dy E, F, the two exireme
points o and G being fived: It s required to determine the pro-
portion of the weights to be laid upon the angles B, ¢, v, &¢.

so that the whole may remain in equilibrio.

Solution.—~From the

several angles, having
drawn the lines 80, ce,
i, &e. }ll‘l"ih".}die':ll;Ll'
to the horizon ; about

them, as dagonals,

constitute parallelo-

grams such, that those sides of every two that are at the op-

i‘]n_-‘.itv ends of the olven !:.ru_-a, may be e2qt to each (lth:‘:‘;

viz, having made one parall

rram mn, take cp = Bn, and
form the parallelogram pg; then take pr = eg, and make the
parallelegram rs; and take r = ps, and form the parallelo-

L i £ : :
oram I; ;mcl S0 On: T'hen the said vertical diac

Bb, ccC,
nd, £e, &c, of those parallelograms,.will be proportional to

L5, 4s r\_-ilui}‘wi .

the weiy

Demonstraiion—By the resolution of forces, each of the

welglits or forces Bb, cc, nd, &e, in the diagonals of the pa-

rallelograms, is equal to, and may be resolved into, two
forces, expressed by two adjacent sides of the parallelogram ;

viz. the force 86 may be resolved into the two forces Bm, B2,
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and in those directions; the force ce, into the two forces cp,

cg, and in those directions ; the force nd, into the forces nr,

ps, and in those directions; and so on. Then, since two

10rces i

at are equal, and in opposite directions, do mutually

e each othe

therefore the several pairs of forces nn

, ps and £¢, &e, being equal and opposite,

1, mutually destroy or balance each other;

: - nre. hal vevel by
» jorces Bm, Ev, are Daianced oy

e na]l'gu'n_‘\]h.'

of the fixed points &, . There is no foree there-

ion of any one of the lines, and con

s and the positions

hts may thence

the other wei

ey ; : ?
; well as all the u:\!h{\:i.' forees in the direct

ion of

the’bars or lines. And the weight which is given, may either
be thatatithe lower e i it may be that at

the vertex nd, or it may be ar ermediate ones, as

ce: for, whicheverof these is ¢

il serve, as a diz

nal, to form the parallelogram abs ; then the sules of this

P fd”i'!::;:'.u;] W e the sides of WO 11eX1 ]J'.n‘:i:i:':'rw_

orams, on each side of the { and so on through the

etion of the hars

s, if the uppermost ver-
t, or diagonal pd, be the oiven one: Then d

[

raw

dr parallel to pE, and ds to pe, so ferming the paratlelogram

E, &
then make cg = pr, and Ef = DS and, having drawn

the several indefinite vertical lines 8b, cc, re

, at the angles,
vt k] Arvallal - and 7o, by drawine ac narallel
form the paratiel LS pg and v, by drawing ¢c paraiicl to

nc, and ¢p to cp, and Ze to Er, and ev to pE.—Lastly, take
B2 = pe, and make the |

raliel to aB, and bm pa
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that are connected to,

3

I J s .'._ Ty -,..- y \’-\. ‘-
avout the pownis of connection, be Kept e eqe

d on the angles, as in the last pr ition: Then

weight on any angle c be unwversally proportional to

that s, dircctly as the sine of i

| as the sines of the two parts or angles

sy i

anto which that angle s dwided by a line drawn through it
dar to the hortzon. See the former figure.

Demonstration—~By the last proposition the weights are
as Bb, ccy, pd, &c, where B2 = pe, o = D, D& = {E, &e.

Jut, since the :m;"'!t’ ABO 1S == the an

and the auble
= lI10L LK ul"__‘i‘.,
Bce = the angle ceg, &e, these being always the alternate

l

angles made by a line cutti two other parallel lines; also

the sine of the £ ABc =s. £ Bnb, and s. £ Bcb =5, £ cye,
these being supplements to each other; by plane trigonometry

we shall have,

Bb X s

(Bn =) - —— =(cp=) —
( Ve (cp=)
S. !
07 Mot - . — Dr=—.|
7 ’ 8. Z. BCD ( {
pd % s £ cbd :
D= e e R )

§, 2., CDE

and so on.” Hence,
, Ba - ABCH 8l
BD.GC i e :

S. L ABO

8. £ ECD
cc:pd: —m—  —
S. Z BCC
< S CDE
D ER R il
L obd

Or, by dividing the latter terms of the first of these pro-

portions each by s. £ #8c, and then compounding together

£l 1 04 Hriir Rl 0. A
two ol the proportions, then three of them, &c, :-.t;".lxl.’l!;' out
the common factors, and observing that the s. £ fscis =
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£ Bec, the s, £ cep = s. cpd, &c, we shall have the fol

r proportions ; viz,

Bl : pDd -
bk
»
[ F
allli
e
=N ) O BN : 1 8. L 1
| 1
ors. £ ABD:s, £ | St 5 -

and CpoOrge:cqorDr:i:s. £ ¢Cgors, £ CD& 1S, £ cof or

Se i SBEE L =

forces ms, pe,

rp, &ec. are always re

r':_‘lll'::s_‘;t, y as the sines of the ‘.L_I‘.gl('ﬁ

sl #)
Wit CIIC

which they m:

And since c¢c =

S

And this is the same as the !il'l\"r:'r‘._\ 1 orol. 4 to the 3

proposition following.

ye produced to &; then, the sine of

to the sine of 1its s

f'\ll‘a'r C( will be ."_!"\"-_\._n

v ‘-.‘.’,i]L":l three '.'.Tls_fi---' i:';cf-_'i?'.'.‘:' make up
=it b o

Properties similar to the foregoi
.

ed 1n the fol
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PROP. I11.

Sanie ';':‘J'f’f.(':.'f phmv, connecied

1gles A, B,'C, Dy E

and freely moveable abowt the joints or a
e

] i ' 7 ha msvronnrtsas
y bard on the angles : It 15 required to assign the proporiion

7
of Liose wel

[s; as also ”.h.’.fu.l"t'r' or ;'?.’e’..':‘i! in the dircction of

7

the said lines; and the horizontal thrust at every angle.

Solution.— al
Through any point,
as o, draw a verti-

cal line apne, &c -

to which, from any
point, as ¢, draw
lines in the direction P

of, or parallel to, the given lines or beams, viz, cu

'!-:\"1 {0

AB, and cb parallel to re, and ce to vE, and ¢f to EF, and ¢
to FG, &c; also cu parallel to the h

: ; "
{ noriz dicular

to the vertical line apg, in which also all these parallels ter-
minate.

en will all those lines he exactly proportional to the
forces acting or exerted in the directions to which they are
parallel, and of all the three k

and oblique. Th:

inds, viz. vertical, horizontal,

18, the oblique forces or thrusts in direc-
tion of the bars. \are. sadte vak seduit AB, BC, €D, DE, EF, FG, Py
are proportional to their parallels . . ca, e, CDyiCe, il
and the vertical weights on the angles's, ¢, D, E, I, &c

y CF5

2 3
are as the parts of the vertical . . . . ab, b, pe, ef, fa,
and the we

it of the whole frame ABCDEI Gy e
1s proportional to the sum of all the verticals, or to ag';
also the horizontal thrust, at every angle, is every where the

same constant quantity, and isexpresse:d by
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Demonstration.—All these proportions of the forces derive
and follow immediately from the general well known pro-

perty, in Statics, that when any forces balance and keep

nert

h ether in equilibrio, they are respectively in proportion
,
1

CaC

-'lh{l\_![.

s drawn parallel to their directions, and terminating

each other.

Thus, the point or angle B is kept in equilibrio by three

forces, viz, the weight laid and acting vertically downward
on that point, and by the two oblique forces or thrusts of the
two beams AB, cB, and in these directions. But ca is parallel
to AB, and cb to Be, and eb to the vertical weight ; those
three forces are therefore proportional to the three lines af,

ca, cb.

In like manner, the angle o is kept in its position by the

weight laid and acting vertically on it, and by the two ob-
lique forces or thrusts in the direction of the bars nc, cp:
consequently these three forces are proportional to the three
lines bp, ch, cp, which are parallel to them.

Also, the three forces keeping the point » in its position,
are proportional to their three parallel lines pe, cp, ce.—
And the three forces balancing the angle &, are proportional
to their three parallel lines ¢f, ce, ¢f.—And the three forces
balancing the angle ¥, are proportional to their three parallel
lines fg, ¢f, cg. And so on continually, the oblique forces
or thrusts in the directions of the bars or beams, being al-
Ways },rntmrt]nnul to the parts of the lines peu'a}lcl to them,
intercepted by the common vertical line; while the vertical
forces or weights, acting or laid on the angles, are propor-

o

tional to the parts of this vertical line intercepted by the two

lines ]mr;:ii'fi to the lines of the corresponding angles.
Again, with regard to the horizontal force or thrust:

sinee the line pe represents, or is proportional to the force

in the divection pe, arising from the weight or pressure on

the anele b and since the oblique force pe is equivalent to,
and resolves into, the two DH, He, and in those directions, by
the resolution of forces, \'ix} the vertical force DH, and the

horizontal force ey it follows, that the horizontal force or
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part of the vertical force or weicht on the ang

produces the oblique force pc, is proportional to the part of
the vertical line pa.
In like manner. the obli force ob. actine at ¢. in the di
In like manner, the oblique iforce (fr, acting at ¢, 1 the
rection CH, resolves into the two bu, He ; therefore the hori-

zontal force or thrust at the angle ¢, 1s expressed by the line

cH, the very same as it was before for the a » D3 and the

vertical pressure at ¢, arising from the weights on both n

and c, 1s denoted by the vertical line b1.
the oblique force ac, acting at the angle

direction BA, resolves into the two an, He; therefore ag

B, in the

raln

the 1 by the line
: :
'H, the r same as it was a s and the

: = s
al pressure at B, arising from the weights on 8, ¢, and
xpressed by
L | +1 3 13 [ - 5 - o e . shnenlvac
us @is0, the obiigue rorce Cg, 1 direction DE, Tesoilves
.

into the two cn, me, being the same horizontal force with

the vertical me; and the oblique force in direction £F, re-

> force ¢, 1n di-

solves into the two cH, Bf; and

rection I into the t and the oblique

WO CH,

and

force cg, in direction FG lves into the two cn, 1|

SO on continu

5 . i g 3 i
2 NOTIZoNntal rorce at every l]Cl]J'\ IJ\'IE]’_“'

id the vertical

13y AR
I liNe CH; a

1€ same consti

expressed by

s by the parts of the verticals, viz, an

pressures on

he whole vertical pressure at ®, from the weights on the

B, ¢, b: and bm the w

ole pressure on ¢ from the

1 i " -
weights on ¢ and p; and pm the part of the weight on p

causing the oblique force pc; and me the other part of the

on p causing the oblique pressure pe; and uf the
ile vertical pressure at £ from the weights on p and g;
and mg the whole vertical pressure on r arising from the
weights laid on b, 2 and F. And so on.

So that, on the whole,

an denotes the whole weight on the points from » to 4;

and Hg the whole weight on the points from b to ¢ ;

and ag the whole ‘.\'l,'.llll_!";.'_ on all the E::".'.. s on both side

i
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. . - 1
ress the several partic ular weights

every where the same con-
nt quantity ] noted by the line cH.

tlE seyveral ligue forces or thrusts, in the direc-
ns AB, BC, CI E, EF;, FG, ¢ xpressed by, or are propor-

their corx POI P allel hl]\‘_w, ca,

the

Corollary 1. It i1s obvious, and rem:

B, BC, &c; (

o not attect or alter the pro-

s or thrusts; since all the lines

me, whatever be

th I-'l.ll."‘.\ .

each other, as well as the

5, if there be given the

; or loads laid on the angles

rtical, pa, pbd, ba, then cb, ca

of cB, BA, as well as the

Corol. 2. If cH

is the tangent, and ca t

e made radius; then it is visible that na

1

secant of the elevation of ca or aB

above the horizon; also mb is the tangent and cb the secant
(

of the elevation of cb or cB; also up and ¢b the tangent and

secant of the elevation of cp ; also re and ce the tangent and

secant of the elevation of ce or pE; also uf and ¢f the tan-

gent and secant of the elevation of EF ; and so on; also the

parts of the vertical ab, bp, ¢f; fg, denoting the weights laid

on the several ang

les, are the differences of the said tangents

of elevations. Hence then in general
b 2

['he oblique thrusts, in the directions of the bars,

, directly in proport as the secants of
1e horizontal directions; or,
1

|

| 'y i x 1
their angles of elevation above t
ng, reciprocal

tional to the co-

Yy prop
o X i

es of the same elevations, or r lly proportional to
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a,b, D, e[, g, XC, made by

the sines of the vertical an

the vertic wal line w ith the several directions ot the bars ; be-

cause the sccants of any angles are always reciprocaliy in
DT as their cosines.
- e o) . Sh | : . . :

o The weight or load laid on each angle, is directly pro-

ents of the ele-

|--,:.11':‘_--;|;1i io the difference between the ta

vations above thie horizon, of the two lines which form the

angie.
The horizontal thrust at every ole. is the same ¢
g he horizontal thrust at every angle,is the same con=

stant li.lmtll ') and has the same p‘iH!IUIllUH tothe w t'l"[h on

the top of the UPPEermost bar, as radius has to the tang rent of
| |

the elevation of that bar. Or . as the whole vertical ag, is to
: of bars,

t of the whole assembla

the line ¢, so is the we

t6 the horizontal thrust. Other properties also, concerning
the weiehts and the thrusts, might be pointed out, but they
nt, than the above, and are therefore

are less simple and eleou

omitted ; the following only excepted, which are inserted

here on account of théir usefulness.

the

Corollary 8. It may hence be l]l_fllhl“‘l also, that

weight or pressure laic

; lirectly lw:}nm-.m 1al
to the mnmmm] product of the sine of that angle and ol the
secants of the e n,\u.huw of the bars or lines which form it.
Thus, in the triangle ocp, in which the side 0p is propor-

ht !n;r: on the angle c, because the sides of

any triangle are to one another as the sines of their opposite

tional to the weig

angles, therefore as sin, p :¢b: : sin, bcb: oD thatis, bD 1s as

:.m. bep
g R (_‘f!; but the

sin, D

sine of angle » is the cosine of the

elevation DCH, and the cosine of any .1:1_9_\1(: 18 lL'Lthsun_raLH\:

111‘131‘11'}1'1‘it:t1:1] to the secant, therefore b 1s as sin, bch x sec.
perr X ob; and cb being as the secant of the angle bcn of
the elevation of bc or Bc above the horizon, therefore op is
as sin, bop x sec. bcH X sec. DCH; and the sine of bcp

of its supplement Bep ; therefore

being the same as the s ST
the weight on the ;a:,--'eg ¢, which is as b, is as the sin. BCD
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X sec. DCH X sec. bew, that is, as the continual product of
the sine of that angle and the secants of the elevations of
l[\ two HE([L'.‘Q U.IUU\'(! tllﬂ.‘. hiJI'i/’,UII.

Corol. 4.~Further, it easily appears also, that the same
weight on any angle ¢, is directly proportional to the sine of
that angle Bep, and inversely proportional to the sines of
the two parts 8op, pep, into which the same angle is divided
by the vertical line cp. For the secants of angles are reci-
procally proportional to their cosines or sines of their com-
plements: but Bep = cbH, is the L:mnp‘c-m;'nr of the eleva-
tion bcm, and per is the complement of the elevation DCH ;
thercfore the secant of bca x secant of pew is reciprocally
as ‘the sin. Bep x sin. pep; also the sine of dep is = the
sine of its supplement Bep ; consequently I:hv weight on the
angle ¢, which is proportional to sin. dep x sec. bem X

y sin. BCD
séc. DCH, is also proportional to ——————— when
S5lN. BCP X sin. DCP
the whole frame or series of angles is balanced, or kept in
equilibrio, by the weights on the angles ; the same as in the
preceding proposition,

Scholium —The towr"nmu proposition is very fruitful in
its prac tical consequences, .md contains the whole t} 1eory of
arches, which may be deduced from the premises by sup-
lmanm the constituting bars to become very short, li ke arch
stones, so as to form the curve of an arch. It appears too,
that the horizontal thrust, which is constant or uniformly the
same throughout, is a proper measuring unit, by means of
which to estimate the other thrusts and pressures by, as they
are all determinable from it and the siven positions ; and the
value of it, as appears above, may be easily computed from
the uppermost or vertical part alone, or from the whole as-
semblage together, or from any part of the whole, counted
from the top downwards,

The solution of the { foregoing proposition depends on this
consideration, viz, that an
VOL. 1.

mblage of b..;:. or beams,
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being connected together by joints at their extremities, and
freely moveable about them, may be placed in sucha vertical
nosition, as to be exactly balanced, or kept in equilibrio, by
their mutual thrusts and pressures at the joints ; and that the
effeet will be the same if the bars themselves be considered as
without weight, and the angles be pressed down by laying on

its which shall be equal to the vertical pressures

thein we
at the same angles, 111‘!}{111&‘[] by the bars in the case when
they are considered as endued with their own natural weights.
And as we have found that the bars may be of any length,
without affecting the general properties and proportions of
the thrusts and pressures, therefore by suppusing them to be-
come short, like arch stones, it 1s plain that we shall then
have the same principles and properties accommodated to a
real arch of equilibration, or one that supports itselt in a per-
foct balance. It may be further observed, that the conclu-
sions here derived, in this proposition and its corollaries,
exactly agree with those derived 1n a very different way, in
the former editions of the principles of bridges, viz, in props.
1 and 2, and their covollavies : and which have been here re-

peated, in the foregoing prop. 2.

PROP. IV.

If the wh soure i the thivd proposition be inverted; or
turned round the horizenial line AG as an axis, till it be com-

g.‘."lr"fr"’JI i/

1051

veversed, or wm the sume wvertical plane below the first
each angle o, d, ¢, being in the same plumd line ;
and if weights 1, k, I, m, n, which are vespectively equal to the
weights laid on the angles B, ¢, v, =, ¥, of lhe first figure, be

v suspended by threads from the corvesponding angles b, ¢, d,
{ those werghts keep this

e, f, of the lower fioure ; then w
in exact equilibrio, the same as the former, and all the tensions

latter case, whether wertical or horizontal

or forces in

il be exactly equal to the corresponding forces

pressure or thrust i the like directions of the
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This necessarily i
% |
}IJLI'JI}C[]H, from the s b

equality of the
weights;and thesi-
milarity of the po-
sitions and actions
of the whole in
both cases. Thus,

from the equality

1/ PR i
of the correspond- 7 N |
. . | i
ing weights, atthe ) I ¢
like angles, the | &

Ll

ratios of the
weights, ab, bd, dh, he, &c, in the lower figure, are the very
same as those, «b, bp, pH, He, &c, in the upper figure ; and
from the equality of the constant horizontal forces cH, cl,
and the similarity of the positions, the corresponding vertical
lines, denoting the weights, are equal, namely, ab = ab, bp
= bd, dh = pn, &c. The same may be said of the oblique
lines also, ca, ¢b, &c, which being parallel to the beams ab,
be, &e, will denote the tensions of these, in the direction of
their length, the same as the oblique thrusts or pushes in the
upper figures. Thus, all the corresponding weights and
actions, and positions, in the two situations, being exactly
equal and similar, changing only drawing and tension for
pushing and thrusting, the balance and equilibrium of the
upper figure is still preserved the same in the hanging fes-
toon or lower one,

Scholium.—The same figure, it is evident, will also arise,
if the same weights, 7, £, I, m, n, be suspended at like dis-
tances, Ab, bc, &c, ona thread, or cord, or chain, &c, having
in itself little or no weight. For the equality of the weights,
and their directions and distances, will put the whole line,
when they come to equilibrium, into the same festoon shape
of figure. So that, whatever properties are inferred in the

c o
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corollaries to the 3d prop. will equally apply to the festoon
or lower figure hanging in equilibrio.

This is a most useful principle in all cases of equilibriums,
especially to the mere practical mechanist, and enables him
in an t?.‘:pvrinu‘m:l] way to resolve problems, which the best
mathematicians have feund it no easy matter to effect by mere
computation. For thus, in a simple and easy way he ob«
tains the shape of an equilibrated arch or bridge ; and thus
also he readily obtains the positions of the rafters in the frame
of an w]ui!ibl‘mul curb or mansard roof; a singlc instance
of which may serve to show the extent and uses to whicly
it may be applied. Thus, ifit should be required to make 2
curb frame roof having a given width
AE, and consisting of four rafters A®m,
Be, cp, DE, which shall either be
‘equal or in any given propoertion to
each other. There ean be no doubt

but that the best form of the roof will be that which puts
all its parts in equilibrio, so that there may be no un-
balanced parts, which may require the aid of ties or stays,
to keep the frame in its position. Here the mechanie has
nothing to do, but to take four like but small pieces, thag
are either equal or in the same given proportions as those
proposed, and comncet them loosely together at the joints
A, B, €, Dy E, by pins or strings, so as to be freely move-
able about them; then suspend this P

from two pins, a, & fixed in € o

a horizontal line, and the chain

of the pieces will arrange itself in
L L=

sach a festoon or form, abcde, that
all its parts will come to rest in \
equilibrio. Fhen, by inverting the b
figuve, it will exhibit the form and &

frame of a curb voof @2y 3¢, which will also be in equilibrio,
the thrusts of the pieces now balancing each other, in the

same manner as was done by the mutual pulls or tensions
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of the hanging festoon ¢ bede. By varying the distance ae,
of the points of suspension, moving them neaver to, or farther
off, the chain will take different forms ; then the frame ABcpE
may be made similar to that form which has the most pleas-
ing or convenient shape, found above as a model.

Indeed this principle is very fruitful in its practical conse=
ﬁll]{.’lil.'(_“':. J_|_ 15 L‘,.L‘QI\' to !)!!!'\_.'.-

ive that it contains the whole
theory of the construction of arches: for each stone of an
arch may be considered as one of the rafters or beams in the
foregoing frames, since the whole is sustained by the mere
principle of equilibration, and the method, in its application,
will afford some elegant and simple solutions of the most dif-
ficult cases of this important problem; some examples of
which will be shown hereafter.

PROP. V,

1o form ?}wdmm}‘u!{y a balanced Festoon arch, on the Pitile=
eiples of the last proposition ; having a given pitch or height
and span, and also a gwen height and form of wall or roadway
over .

Let am be the given
or proposed span of the
arch, pa its pitch or
greatest height, px the
thickness at the crown,
and arxxM the given an-

terior form of the wall:

in order to determine the

form of the curve ApMm

which: shall put that wall
in equilibrio,

Invert the whole ficure ALxNM, as in the opposite posis
tion alknm, or construct this latter figure, on the lower side
of Am, (‘X:’LL‘.tiy I_"lilltl and similar to the proposed upper cne;
the point 4 answering to the point b, and the point £ to the




T
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point k, &c. Let a very fine and thin, but strong line, such
asa fine silkencord, or abricklayer’s working line, or perhaps
a very fine and slender chain of small links, be suspended
from the extreme points A and a1, and of such a length, that
its middle point may hang at the point @, or a little below it.
Divide the given span or width Ay into a number of equal
parts, the more the better, as at the points 1, 2, 3, 4, 5, &c;
from which draw vertical lines, cutting the festoon chain
or cord in the corresponding points 1, 2, 3, 4, 5, &c. Then
take short pieces of another chain, and suspend them by
these points of the festoon 1, 2, 3, &c, as represented by the
dotted verticals in the lower part of the figure. This will
somewhat alter the form of the curve. If now the new curve
should correspond with the point &, and all the bottoms of
the vertical pieces of appended chain also coincide with the
given line of roadway [ £ n, the business is done. But if both
those coincidences do not take place, then alterations must
be made, by trials and by judgment, in lengthening or short-
ening either the festoon Ady, or the appended vertical pieces
of chain, or in both, till such time as those coincidences are
accomplished, namely, the bottom of the arch with the point
d, and the bottom of the appended pieces with the boundary
Zkn. Then re-invertthe whole figure, or otherwise trace out
the upper curve Apy exactly like or the same as the lower
one adm, and there will be obtained an arch sustaining the
wall above in perfect equilibrium,.

Scholium.—Thus then, as explained by professor Robison,
we have an easy and practical way, by which any common in-
telligent workman may readily construct for himself the form
of a real balanced arch, to any proposed design for a bridge.
In this method, the thinner and lighter the festoon lineis, so
as to bear but a small proportion to the weight of the ap-
pended pieces of chain, so much the more exact will the
conclusion be obtained, when the superincumbent wall is of
uniform weight of masonry. But as the festoon line repre-
sents the line of voussoirs or arch stones, in the constructed
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arch, if these only are solid, and the rest of the wall or matter
above them be looser and lighter, then there ought to be an
equality of proportion between the weights of the festoon
chain and the string or rib of arch stones, and between the
superior wall and the appended pieces of chainj a circum-
stance of equality to be obtained by mutual accommodations
and calenlations adapted to the real circumstances of the
case,

The chief objection to the curve found i this way 1s a
want of elegance, and perhaps too of convenience and of
economy, because it does not spring or rise at right angles

L

to the horizontal line, but at a much smaller angle; and
which indeed is the case with all curves of equilibration.
However, this is a circumstance which can be very safely
and profitably remedied ; for in the part of the flanks near
the piers, it may be cut away to hollow the arch out to any
form we please, so as, for instance, to resemble the elliptical
arch

, which is one of the most graceful of all; because the

masonry is so solid and strong in that part.  And this will be

not only more agreeable to the eye, but will also leave more
reom for water and boats to pass, and will be a saving in the
expence of masonry. T'o accomplish this end with more re-

gularity and method, instead of dividing the horizontal line

into equal parts at the points 1, 2, 3, &, if the festoon chain
itself be so divided, viz, into equal parts, and the picces of
chain be appended at these, in the manner before mentioned,
then the greater number of these pieces being thus near the
extremities, they will draw the arch more down in that part,
and thus hollow it out there in a more regular and uniform
manner, making the shape wore pleasing and commodious,
and yet leaving it sufliciently near a true balance,

The following proposition is here added, to determine the
ficure of a balanced arch, on the supposition that the voussoirs
are at liberty to slide en each other. A principle indeed
having no real foundation in fact, though it has been much
insisted on by some persons,
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PROP. YI.
¢ 1s proposed to determine the nature and propertics of a
balanced arch, as derived from the property of the wedge,

by considering the woussous or arch-stones as frustrums ot

:‘L’:(‘I._‘,"'c.s'.

Let aceGI &c, be the
inner or lower curve of
an arch, formed of the
voussoirs, or wedge pieces,
the wvertical scctions of

which are the quadrila-

terals AD, CF, E K, &¢,

considered as so many ele- N\
. \y

mentary parts of the arch, 0

the upper sides of them forming the exterior or outer curve
BDFHK, and their butting sides making the joints AB, cp, EF,
©H, 1K, &ec, which joints produced, meet in the point o, of
the vertical line oae. Through any point 4, in that line,
draw the horizontal line d fhk, or perpendicular to the ver-
tical line 0An, and cutting the directions of the joints in the
respective or corresponding points b, d, f, &, k, &ec.

Now every wedge in the balanced arch, supposing its sides

d, must be kept in equilibrio, in its place, by the mu-

tual action of three forces, viz, by its own weight acting in

licular to the horizon, and hy the thrust
or pressure of the two adjacent wedges, one on each side, in
directions perpendicular to their sides, or to the joints: So,
for instance, the wedge Ap is balanced, or kept in equilibrio,

by its own welght acting in the vertical direction B0, and by

o ) . . \
EWO lorces actipn

o perpendicularly to 4B and cp; and the
stone ¢, by its weight in the vertical direction, and by twa
forces perpend

icular to co and Eg; also the stone um, by its
welight acting vertically, and by two forces perpendicular to

P and GH;

) the stone Gk, by its weight vertically, and
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e |

by two forces perpendicular to cu and 1x ; and so on, the

weichts all actine in the ver :ction parallel to Bao.

But, whenever three forces balance one another, they have
then to each otl

drawn perpendicular to the directions ol the forces. There-

v the same ratios as the sides of a triangle

fore the three forges balanci the

weuoe AD, arc !)I'l]l;{]l'-

tional to the three sides of the tr

nole obd, these sides bei

respectivelv perpendicular to those forces, viz, the side bd
[® 1 i ? b}

perpendicular to the vertical direction of eravity, also ob

perpendicular to the force against th : joint An, and od per-
pendicular to the force against the joint cp. For the same

reason the wedoe cr 1s bal

need ]J_'\ three forces 1:5'.:".111'1'1-.1‘;r;:|
to the three sides df, od, aof, of the triangle odf; and the
wedoe En by forces ]n':l‘l)ru'!imn;!? to the three sides fh, of,
ol, of the triangle off ; and the wedge Gx by forces pro-
portional to the three sides Ak, ok, ok, of the triangle ohk;
and so on. So that, in all these cuases the weights of the
&'.'m%{,'_‘\:r;? and their oblique 1][17\‘:1 [-t:rll::-'.nl]:‘lllu'.' to the joints,
will have these following ratios, viz,

the weights of the wedges - - - AD, CF, El, GK, e,
nzontals o= miibdyndfy if hilidee,

and the push at the jointsas - - 0b, od, of, oh, &e,

as the parts of the hor

also the sums of the wedges, or the parts, Ap, A¥, AH, AK,
are proportional to the 1n-'.'pl-:1il'|t‘i1];l1'~' bu’, :‘:!.f-, bh, 0,
which are the tangents of the angles Bon, BO¥, BOH, BOK, &,
of which the oblique thrusts od, of, o, ok, are the secants,
to the radius ob, which denotes the constant push in the hori-
zontal direction at every wedee, or every point of the arch,

Which. on the whole, amounts to this, viz, that the weights

of any part of the balanced arch, or set of wedges, com-
mencing from the vertex, are directly proportional to the
tangents of the angles which the joints make with the vertical
line or direction, while the oblique thrusts, in the directions

of the arch at the extremity, ox pery ‘- to the il'!:ll'j'[_-\‘_

¢ 1 il 4 i
are ';;t‘mllm'tu‘unili to thie secants of the s 19188 3§ the con-

stant horizontal push, at every p o proportional to

4
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Aud this property comes to the very same thing as the

aperties in the I"(Jrci__';oin;‘; propositions, because the angles

of elevation of the curve at every point, or of the direction
of tlie tungents there, or of the curve itself, are equal to the
angles in this proposition, which the joints form with the ver-
tical divection.  So that, all the three theories in these four
prepositions are all one and the same in effect, amounting to
the very same thing, and yielding the same conclusions.
And therefore, whatever consequences may further be drawn
from any one of them, may be understood as deduced from

the whole.

Scholium —In the practice of bridge-building, the key

picce, or we at the crown, is a solid, having its magni-

tude and weight balf on each side of the middle vertical line ;
whereas, in this proposition, it has been supposed that this
wedge is divided and actually separated in two by that line
ae: this however will cause no difference in the theory, nor
yetin the practice; for, in any calculations that may be re-
quired, it is only necessary to suppose the key piece divided
exactly in the middle, then taking half its weight for the
weight of the piece ap, and computing all the other weights

nd angles from the middle line Az,

It has also been supposed, in all the three theories that
have been contemplated, that the constituent parts are
formed of materials perfectly smooth and polished, and put
I

tooet!

ier without cement, and without all kinds of ties or
bars, so as to leave them quite at liberty to slide over each

other ts being kept in a perfect balance by means of

their shape, weight, and disposition only.  Tlhis, it must be

inowledged, 1s not the case in real practice; as here all
I

the materiuls are quite rough, which very much prevents

1 from sliding by each other, even when their abuttine

es are laid at a considerable slope or angle. But this
circumstance however, so far from being a disadvantage, by
thus deviating from the theory, is on that very aceount of

LY,

great use and benefit. For, the equilibrium among the con-
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stituent parts of the arch, established by the foregoing the-
ories, is of that nice and critical nature, that the whole hangs
in a kind of tottering state of balance, trom the perfect po-
lish of the parts, so that any the Jeast accidental extrancous
force or pressure, on any particular part, would destroy the
equilibrium, and cause the whole to fall down, except for
the length of the joints and stones. The theory also sup-
poses the parts, constituting the fabric, to be exceedingly

small, and may be even round, small, polished globules.

But because of the shape and roughness and magnitude of
the parts, of which an arch is constituted, it comes to pass,
that a moderate degree of imperfection in the structure, or
any accidental shocks or pressure from external objects, has
no sensible effect in displacing or deranging the materials:
for the wedge-like form prevents any piece from easily
dropping out by itself; and the ronghness of the sides pre-
vents the wedges from sliding; also the considerable mag-
nitude of the stones, or other matter, while it enables them
to bear the weight and pressure of the whole fabric, without
being crushed to picces, admits of a small displacing of ma-
terials, or deviation from a perfect balance, as prescribed by
theory, without suffering any sensible inconvenience.

It has been supposed in this proposition, that the direc-
tions of the joints, cp, EF, 61, &c, when preduced, all meet
in the same point o0, of the vertical line oan.  This however
is not necessary in the theory; as the directions of the
Jjoints may meet the vertical in
so many different points o, 0,0,
&e, as in this fig. and yet all
the parts and their aflections
have still the same properties.
This will be made evident by

constitutine the small trian-

cles, obd, obf, &e, apart, as in
this figure, by drawing, from one point o, the lines ob, od,
of, &e, still parallel to the joints au, cp, ¥, &c, meeting

the horizontal line in the points b, d, f, &c: for, because
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these lines are perpendieular to the actions of the forces, of
pressure and push, of the arch pieces, the same proportions
anone 1|;mn-, as before deduced, still take place, and hold
good; viz. that the weights are in proportion as the parts of
the ié.u: :": df vk, and t!lv.: oblique push as the corresponding
lines ob, od, of, &c, of which ob is as the horizontal thrust.

It has also been supposed, that the joints are cut or drawn
pendicular to the inner curve at every point, or that all

es at it, ¢, B, &c, are right-angles. But neither is
wecessary in the theory; for the system of balancing

be still the same, whatever those angles may be, whether
all alike or all varions, as these differences will only cause
an alteration in the weight or length of the arch-pieces,

which still will be represented in their proportious by the

parts of the line .uf_’;ﬂ-.. And indeed we often see this kind

of oblique joints employed in the small arches in the com-

of architecture and building, as over windows,

mon practic

doors, ways, &e. Buat yet such a practice is not to be

admitted into the larger kind of arches, employed in bridges,
&c, as being both ungraceful and troublesome, as well
weakening the fabrick.

It is manifest, from ull the theories, that the balancing of
> arch is not restricted to any p: L1nu1]m kind of curve or

shape, for either the under or upper curve; as the arch may
be balanced with any particular curves we please. It also
fo |m ws very evidently, that the same angles or directions of

joints may be employed to balance a great variety of

hies, and indeed any sort :;i an arch whatever; as in

r. 3 where,
wedoes

L ".':! Cs ""I) ‘.\":
form a balanced

arch, by beine ~/

taken in the re-

quired propor-
tion to each

other,viz,asthe
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tangents of the angles formed by their sides with the verti-
cal line; then; if the under curve of any of the other lower
arches be assumed of any shape at pleasure, the upper curve
of them will be h,nml by taking their corresponding

-3

wedges, al, &1, ¢l, &c; or a2, 2, ¢2; &e; or
in the same proportions to each other as the wedg
&, are in the uppermost arch; and all the sets of wedges
will form balanced arches.

EXAMPLE.

The theory laid down in the preceding propositions;
which give, all of them, the same conclusions, will serve

a foundation on which to establish a method for construct-
g arches of equilibration, on any proposed curve whatever.
The method however will require some further preparationy
to render the application to practice easy and convenient,
We may here; however, in the mean time, just take one ex-
';nni;!c., i order to show the f‘il.(':.llil'.l\' of the mode of calcula-
tion from the theory, so far as it has now been laid down.

In this example, we shall suppose that the intrades carve i3

a circular arc, which is formed by the und

wedge pieces, the joints between which a

lar to that curve, as the only proper p

exactly to the centre of the curve.

the wedge pieces to fi

guantity of 5° each, that is,

centre an angle of 5 -.1:-;'_1-.-' '

the crown, therefore, ex

re; and

side of the vertical ]i!l’._‘ i_l;iﬂl

have 17 ot *m wedges, of ach side of the

1
i

key, making 1n all 85 wede ecs each, wil

form an entire arch of 175 degrees . the angle

which the sides of the midc

e ¢ forms with the middle
vertical line, will be that of half the breadth of the wedge,

or 21 degrees; and the :1!1:]*:4 :":h the sides of the other

h ha

wedoes, on eac d of the cro

the vertical «

AC vnn or key w u'J , form with
l

rection, will be found by M\.‘.
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the breadth of each wedge (5 degrees), to the said 2L de-
grees; by which it will be found that the angles at the cen-
tre, formed with the vertical, by the said lower edges of the
arch pieces, in order after the key, will be as follows; viz,

e

that of the 2d wedge 71 degrees; that of the 3d, 12 de-
¥

grees; thatof the 4th, 17+ degrees; and so on to the 17th
or Jast on each side the key, which will have its lower edge
making an angle of 87 degrees with the vertical direction:
all which angles, of inclination to the vertical, are ranged in
the 2d column of the following tablet, the first, or half the
middle wedge, making an angle of 2 degrees. We shall
also suppose the weight of the middle wedge at the crown
to be a certain given quantity, represented by unity or 1,

o

and express the several other weights and pressures, as in
the other columns of the said tablet, in terms of that unit:
so that all these proportioual numbers for the other weights
and pressures, will require to be multiplied by any other
weight of middle wedge which may bappen to occur in any
other case.

Now, in regard to the rule for computing all the other
weights and pressures, according to the conclusions from
the preceding theory, it is very easy and simple indeed, viz,
that the weight of any part of the arch, counted from the
vertex or crown downward, is always proportional to the
tangent of the angle of inclination of the lower wedge to the
vertical, while the obligue push or pressure, in direction of
the curve, is proportional to the secant of the same angle,
and the constant horizontal thrust is proportional to the ra-
dius. For which reason it is, as formerly observed, that the
constant horizontal thrust is a proper radical measuring unit,
by means of which to compute the two other circumstances,
namely, the weight of the arch, and the oblique push or
pressure in the direction of the curve: for, the horizontal
thrust being taken for radius, then the weight of the semi-
arch will be the tangent of the angle with the vertex, and
the oblique pressure the secant of the same angle, to that
radius,  Consequently, if the constant horizontal push be
called 4, then the weight of the semiarch will be 4 x Z, or A
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multiplied by the tangent of the side’s inclination to the ver-
tical, and the nbﬁiqm' ]ll"_'-ﬁ'lll'l.’ of the arch will be & x &, o
h multiplied by the secant of the same angle. So that, in
('.L|L1|llat.m!; the said several weights and oblique |>ll:-ihL’.‘i ol
the arches. we have nothing to do but to take out, from a
trigonometrical table, the tangents and secants of the seve-
ral angles of inclination to the vertical, as contained in the
2d column of the tablet, and multiply all the tangents and
secants by the number expressing the constant horizontal
thrust, for all the values of the several weights and pres-
sures, as arranged in the 3d and 4th columns of the tablet;
the products of the tangents being the several weights of the
half arches, in the 4th column, and the products of the se-
cants being the oblique pressures of the same in the areh’s
direction, as in the 3d column. This calculation will

rendered still easier by using the log. tangents and secants;
for there will then be nothing todo, but to take out all the
log. tangents and secants; then to each of them add the con-
stant log. of the horizontal thrust; lastly, take out the

| BHE

tural numbers answering to these :‘Hm.\; and they will be the

required weights and pressures,

As to the uniform horizontal throst, which 15 the constant

nm!up].u its value is easily found thus: It has been shown
that this horizontal thrust is every where in the same pro-
portion to the weight of balf the middle or
radius is to the tangent :)!" half: the angle
thit is, as £: 1 :: 2w : fw = ¢ = / the horizol

ital thrust,

bur-

ting w for the weight of 1]1{. key piece, and ¢ for the tan

of half its angle; or, if we put its weight w = 1, then this
will become % = f =/ the hm izontal thrust. Now, in the

example, the angle subtended by the key is 5 decrees, the

balf of which 1s 2% degrees, and the tangent of this is

0436609 ; then Loor °5 = 0436609 = 114515889 = A the

counstant horizontal thrust, that is, 11 times the ii'-.:iv;]l-l. of

the key piec

ilii(J nearly one i'i:_j.“" more; 1C same may

be easier found from the cotangent of the same angle
&
.
I

Aot s

degrees, which is 22-903766, t

1e cotangent of any angle

being equal to the reciprocal of its tangent, to the radius 1;
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therefore, in general, L = tang, = L the cotang. 1s =/ the
horizontal thrust, and in the present instance the half of the
cotangent 22°903766 is 11°451883 the same value of the
horizontal thrust as before.

Hence then the constant number 11°451885 is to be mul-

tiplied by the tangents of all the vertical angles, to give the

miarch, in the 4th column, and by the se=

cants of the same angles, to give their oblique pressures, as

weichts of the se

in the 3d column; or else, to work by the logarithms, the
loo. of the constant number 11-451883, whicl 1s 1'0538769,
is to be added to all the log. secants and tangents of the said

angles, then the corresponding natural nunbers taken, and

ranced in the 3d and 4th columns of

The differences of the numbers in the 4th eolumn are

taken, and ranged in the 5th or last colunm, for the weights

of the single wedge pieces taken separately, making the

L

) :
whole of the first or key wedge eqnal to 1.—The table is

as follows.

I Vertical If

No. of : :I!l-,':.v:C of | Obligue pressures, Wis. ifarehes, | Wts. of the sec-
sections. | the joints, 3 { $ 2.0, | tions or wedges [
| or £50. | | |

| |
! | b bials
2 | | 100767
3 ! [ 108115
4 ’ [ 1°:07194
12:89548 | ‘ 13276
6 35 ! } 1

& ol S

—
b —

—

18 (14
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culation, as well as from the theorems by

1t is manifest how ereatly the weight and

1 s the bottom o

tie pressure ot tne :

the extremity,

. - | ] 1 - - 1 .
towards the horizontal direc

- .
the wverh

l i I 5
dpproaches

1
that anglk

horizontal, then the w

: ; :
mite. and also be

pressure to balance

thrust, »
lﬂ“l‘ 1n

\'\'}Ii:l manner 1!1t' [:ii‘t't'[lll‘:

by the way,

» caleulation of the we

voussoirs may be employed to give a familiar and easy

il construction, that ma

chanic y approach very near to a

d arch. In order to this, we are to consider

true balanc

that since the bases, or extents of the under sides, of all the

voussoirs, are equal, it will thence happen tl
will have to each other nearly the same ratios as t

from the under to the upper side of them, or tal

direction .of the radius, that is perpendicular to the u

curve or intrados, at least when the breadth or ancle of t

ges is very small, which is the case in real practice, the
proach to equality being'the nearer indeed as their breadth

1 the angile of

1s the smaller. And thoug

preceding calcalation, be no
as to render the equality and the co

' the manner of

J".'.'\'Ci, it will yet serve to sho

such a way of formi the arch

he truth.

tolerably near to

that the joints between the wed

, should be in directions i

in the arch of a

l only i'\'.'\;l{a“l\.'
My g s . 1. : 1 /
ases of that sort. For this purpose then, let

or u ¢ curve to be divided into a
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number of equal parts, answering to a breadth of 5 degrees
each, or such that the angle formed by every two adjacent
joints, when produced, shall be an angle of 5 degrees. Let
us then draw a line thl‘O!:',']l the middle |J<:i:1t of every one
of these breadths, bisecting them, and in a direction perpen-
dicular to the curve at every point. Then, by setting off,

upon these lines, from the curve upwards, by a proper scalg,

lengths which shall have the same ratios to each other as the
weights of the corresponding wedges

through which these
lines pass, or proportional to the numbers in the last column
of the foregoing table; then will the lengths of these lines
be the extent of the severil voussoirs nearly, and therefore,
their upper extremities or points being connected, by draw-
ing short lines from one to another, they will limit or form
the extrados, or the upper curve or side of the arch, when
built of uniform materials, so as to be very nearly in equi-
librio.

As it is manifest that the theorems and the, calculation
have no peculiar restricted reference to any particular curve
for the intrados, or under side of the arch, we are therefore
at liberty to assume that curve of any form at pleasure;
therefore the form of it being so assumed, by then applying
the numbers of the foregoing table to it, in the manner
above mentioned, we shall have a balanced arch as required.
And thus by assuming any different shapes of curve for the
intrados, the same numbers in the table will give as many

for the mner
curve, a semicircle, as in the next fig. having its span or dia-

balanced arches as we please. Assuming then,

meter LM 84 feet, consequently its pitch or height oA 42 fect.
We shall also assume aB the thickness of the crown or key-
piece, equal to 6 feet, or the 14th part of the span, being
nearly the proportion employed by

rood engineers. Divids

ing each half arc ar, am, into 9 equal parts, of 10 dégrees

'\'1ll._.|‘., W

to show the nature and

1
el

form ol :‘.{;,!1 an extent of two

centre o 1.]]".'\“,"_]5[' radil

en continued,
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passing through the middle of every second wedge, the first
0An passing through the middle of the key-piece. Then,
on these radii produced, set off, from the are of the semi-
i'il'l‘Eu, AB, GH, &c, every second number 1n the last column
of the table, when multiplied by 6, the assumed length of

AB; then, drawing with the hand a curved line through the

it will be the extrados

extremities of all the exterior lines

required, exhibiting the

form and limit of the wall
built of uniform materials,
above the circular soffit, so
as to constitute an arch of

equilibration nearly as in

the annexed fig.

Where it is seen that the extrados follows nearly a course
parallel to the intrados for about 30 degrees on each side of
the vertex; after which, it begins to bend the contrary way,
having there a contrary flexure during the rest of its course,
going off to an infinite distance on each side parallel to the
bim', milliinf_; the voussoirs at last of an infinite I(‘.Tl},’._'th_, and

composing all together a form of arch very unfit for adop-

tion in practice.
We shall now show, in the next proposition, that, by
another very strict and genuine construction, an exterior

curve is derived exactly similar to the curve here obtained:

in the determination of which, some part of the mode of
reasoning in the demonstration of the last prop, is here again
necessarily repeated.

PROP., VII.

If aceer e, be an arch, supporting a

ABKI, formed

of the voussoirs or arch stones AD, cF, e, bning asl pe, on

smooth surfaces, and having the joints AB, cp, 8¢, every
e :

lar to the curve of the e

where perpendic

vequired to find the lengths of

whole fabric may
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Let A be the vertex of the

inner curve of the proposed

» oiven thickness

> Crown, or
';;,{'].:.-.-tul‘.-;’l:--"11’;
also BA0, DCo, &c, the joints

produced, making Ao the ra-

dius of curvature at A,and co
at ¢, and Eo at E, &c; the bases of the stones Ac, cE, EG, GI,
&c, being so many elements or small parts of the arch; and
the vertical sections of the stones, or the areas of the (ua-
drilaterals Ap, cF, R, GK, being proportional to the weights
of them.

Now every stone in the balanced arch will be kept in
equilibrio by three forces, viz, by its own weight acting
perpendicular to the horizon, and by the pressures of the
two adjacent stones, in directions perpendicular to their

sides, or to the two adjacent joints: So, for instance, the
stone AD is balanced, or kept in equilibrio, by its own weight,
and by two forces acting puri:cndim:hu‘!y to a8 and cp; and

the stone CF, bv its

-ht, and by the two forces perpen-
dicular to cp and £F; also the stone EH, by its weight, and

by the.two forces perpendicular to E¥ and cm; also the stone

ok, by its wei

ght, and by the two forces perpendicular to
- i 1 P | 1 . B 41 : - Y
cu and 1k ; and so on; all these weights acting in the ver-

tical directi

BAO.

ienever three forces balance one another, they have
tios as the sides of a triangle drawn per-
Therefore, if there be con-

'd another figure obdfhfk, havir

2713 . .
r b/ horizontal, or per-

' to a given vertical line 0b; and having od paralle
: , and ok to om, and ok to ok, &c: then

are proportional to

les being respect-

1
the

me reason,
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: 7 9 7 . : .
the three Ak, oh, ok; and so on; in all these

weights of the stones being proportional to the bases
S, hle, of the triangles obd, odf, ofh, okk. But as these tri-
angles have all the same common altitude o6, they have the
same ratios as their bases bd, df, &c, which bases, it has

peen shown, are proportional to the weights of the stones,

which have also been found prop | to the quadrilateral

s AD, CF, &c; therefore the quadrilaterals Ap, cF, £H, 6K,

E

Aread

y Fag &
v, odf .o, ohk.

are respectively proportional to the triangle:

But, as these small triangles have their angles respectively

equal to the angles of the corresponding sectors, because

their sides are parallel by the construction; that 15, the an-
;

vle bod = the angle Bop, &c; their areas are therefore pro-

51(;1‘t':.--'_!{|| to the squares of their corresponding sides

viz. the sectors OBD, 0AC, obd,

proportional to oB*, 04% . 0b*;

and the sectors ODF, OCE,

i'.:'.']. S0 Q1.

lto on?, oc?,

})‘.'-:!1|'}t!t'1|:'—:‘.

Therefore, by taking the differences,

AD : obd :: OB® — 0A® : ob?,
and cF : odf :: OD*— OC* : od?,
and EH : ofk :: OF* — OB® : of2,
and Gx : ohk :: on*— 0G* : okt &ec.

Hence, if ob* be taken = 0B* — 0A%,

72

then od* is = op* — oc?,

and of?® is = OF® — OE?,
and oh? is = on* — 067, &ec.
Or, by transposing, OB* = OA* 4 ob?,
and op®* = oc® + od?,
and OF® = 0E* -+ of*,
and oH® = oc* 4 o/*, &c.
Which gives us the following geometrical construction,
viz, Produce the joints till 0a,-oc, or, oc, &c, be equal to
the several radii of eurvature at the corres

I

xonding points,

A, C, E, &c; to which also draw the s 0b, od, of, &c.

Then take 0b = 4/ 0B* ~ 04% and draw bdfhk perpendicular
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toob. Lastly, makeon = ,/o0c* 4 od®, and 0F = {/0E* 4 0/*

wnd ol = ..';-:u -.[.-'..'r:’. &c; then shall the line or curve

drawn throt

oh all the points B; p, ¥, 1, X, &ec, be the top
of the wall, so as the whole fabric may be balanced, or kep
in_equilibrio, by the mutual weichts and pressures of the
stones, having smooth or polished sides, and at liberty to
descend alone thein.

'———\.\ ,!!:

all the radit of curvature will be equal to each other, and

1 the oiven interior curve ace &e, 15 a ciicle,

ime centre 0. Butin other curves, having

e 133 _.,‘.' .Y it
Various {Jll'-ﬂ-n'!“-'. of curvature, the radn and centres of cu

ture will be all different.

EXAMPLE.

Suppose the interior

And suppose the span

or diameter LM to be

84 feet, the heizht or

1

pitch oA 42 feet, and the

thickness at the crown
AB 6 feet, which is the 14th part of the span. Then take

ob so, that 0b* be equal to 0B — 04A*, or o0 = 4/ 0B® — OA®

— 0 379, and through & draw mbn parallel to the base
.M ; from the centre o draw a number of radii olcn &,
cutting the cirele in as many points G, and the line mn 1o
as many points 4; on the perpendicular LN set off all the
distances Lp equal to the several distances oZ, cut on the
radii by the directrix mn; then transfer the distances op to

lii produced to 1, namely taking o1i = op; then

|ame ra

shall the noints H he so many points of the exterior curve,

throughall which points the bounding line being drawn with

a st , it will be as is seen in the figure to this ex
ample, which is accurately constracted and drawn by

1 . . ;. . 1 s '
scale to the dimensions above given, and which will extend
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infinitely along the directrix mn, this line being indeed an
asymptote to the said curve.

m 1 - . = 1

I'he calculation in numbers is also equally easy and
obvious. Thus, taking any given angle aoc, ob being =

4/ 0B* — 0A% then 1p = ok = 0b x sec. aoc, and hence

OH = 0p = /OL* + Lp* = y/OA* |- Lp®, which gives a point
H in the curve. Aund the curve thus constructed gives the
very sameas the fig. p. 35, formed on the principles of prop.
6, as might be expected,

ht be
here taken, but the above case may suffice, as none of them

Examples of other curves, besides the circle, mi

are of a nature to be suitable for, or to hold gaod, in the
construction of arches, at least for the ordinary purpose of
bridges. Because, that in such arches, the parts do not en-
deavour to slide down in the oblique direction of the joints,
both on account of the roughness or friction there, and
because, when the parts are cemented together by the mor-
ter, or keyed together by pieces within side, the weights then

all ac 5 ST L el ] L :
ali act perpendicular to the horizon, being each fixed to the

other parts of the arch, after the manner supposed in the
9th and 10th propositions; and according to the examples

to the latter of these, it will therefore be expedient to make

such calculations as may occur in cases of real practice,

PROP. VIII,

When a curve s kept in equilibrio, in

loads or weights bearing on every point of then the load or

vertical pressure on every point, ts directly proportional to the
product of the curvature at that point, and the square of the
secant r‘r;‘- the elevatwn above the horizon of the tangent to the

i

curve at the same point, the radius ben

s, the load
or wertical pressure on any point ¢, is divectly as the cur-

wature at ¢, and as the square of the secant of the angle ben,

wmade by the tangent be and the horiz
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r

Nhis propertv w
1'11s property v
= P R Ay Y -_rj. LI L
duced as a coroiary irom tne
projpo rties 1 the 2d and 3d

to the T

£ 1 8 TR :
jdea Mmentioncd 111 thne ci I.“-'!ll—

4000
s ACCOT

propositions

sion or the sch

s kept in equilibrio to become inde-

]J‘.'<;qi'\ medans, '|.li|}" !}.'.'I'.‘~ W Ii Il-l Int & cCon-

ch stones in a

Now the cons

ea, nan

bars becoming vc I, and forming a continued

15, that the ane comes the angle

1
curve and tang
27y 1 ¢
CdCIl Ot

vhich, 1n the 3

oy Was proportic

bep x sec. ben x sec. peH, will be here proportional to the
.

sin., dcp x sec?. fH."][, or as the angle bep x sec. ke H, since
) y

f \ 2 ] 3 )] A
rige |0CD ] nas i']h: same ;}l'-::]!u}'!':nln as 1ts sine. But

: of contact bep, in any curve, is the measure of the

curvature there ; therefore, lastly, the vertical load or pres-
sure, at any 'I'-:‘.';nt C, in the curve ::i‘t'fl-|:!|!.hr.'1t:,n11|? 1S proper-
tional to the curvature multiplied by the sec’. of bcm ; that
is, proportional to the curvature at that point, and also to the
square of the secant of the elevation of the curve or tangent

1 B i o
above the horizon.

Because the curvature at any point in a curve, is

proportional to the radius of curvature at that

point; it follows, therefore, that the vertical load or weight
sec’. bCH

7

sre ¢ denotes the radius

7 point ¢, 18 a:

» at the point c ; that .i_k', dh'm‘t!_\' '|\1'oljf}!'i1u1'|:Ll to

. of the secant of elevation, and inversely propor~

the radius of curvature to the same point.
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PROP. IX.

T{'}."”:” an i’,"“-"r

Cwall, bounded by @ curve beneath, 1s kept

mn eq utlibri irfra ihe n r'.’:m‘ and pressure of s parls
{

t of the wall above every point of the
curve, 15 directly proportional to the cube of the secant of eleva-

Lion of the fu‘!f"_"r nt to the curve 3"."1'\*!’!':', and also :l",? { .'.""','_; propor=

tional to the curt ame pownt, or else, which is the

17, to the radius of curvature

same thu

there.

By the last proposition, the
load or pressure on every ele-

mentary or small portion,

cc, of the curve, 1s -pro-
: sect fcH ..
portional to ——— Now
-

this load ori every such small
(‘{]u:'.] part of the arch, as ce, is a mass of solid matter cric,

it verti-

.‘.

incumbent on that part of the curve, and pressi
cally ; and which may be considered as made up of a number
of equal heavy lines -~l'||1llmu vertically on it; the number of
which lines may be expressed by the breadth ca of the said
pillar ¢z of heavy materials: but the breadth ca is =

or _ce 1

1 .
— =i O1aS T because the L‘]\'Im'ili' CC 18
sec. coce  sec.ben’ sec. bcH

:-'.I',]mn:v.! oiven, or always of the same length, that is, ca is

] : t g ) ;
reciprocally as the secant of the angle of elevation. Hence
L[ : sec’, beH

then the vertical load, or c7, or —————. 18 as ————— ; con-
S€C, 0CH r ;

sequently the altitude cr of the wall AkLw™, at the point c, is

secs. ben j . fa, ;
as ————. or as sec?, bca x. curvature there. ['hat 1s,
=

the height of the wall above every part of the arch of equili-
bration, is directly proportional to the cube of the secant of

the cnr\'u’ﬁ elevation at that part, also directly proportional
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to the degree of curvature there, or else inversely as the ra-

dius of curvature at the same part.

Corollary 1.—Hence, if the form of the arch, or the natare
of the inner curve ABcby, be oiven ; then the form or nature
of the outer line k1, bounding the top of the wall, or form-

ing what is therefore called the extrados, may be found, so

as that the intrados Apcpm shall be an arch of equilibration,
or be in equilibrio in all its parts, by the weight or pressure
of the superincumbent wall, For, since the arch or nature
of the curve is given, by the supposition, the radius of cur-
vature and position of the tangent, at every point of it, will
be given, and thence also the proportions of the verticals c1,
&c. So that, by assuming one of them, as the middle one
vp for instance, or making it equal to an assigned length, the
rest of the verticals will be found from it, and will be in pro-
portion as it is greater or less; and then the extrados line
x1vey may be drawn through all their extremities.

Or, on the other hand, if the extrados K1vy, or line bound-
ing the top of the wall, be given; then the nature of the
correspondent curve of equilibration ABcpM may be found
out. . And the manuner of the practical derivation of both
these curves, mutually the one from the other, will be shown

in the following propositions.
“ I

2.—If the intrados eurve Ascp should be a circle

ien the radius of curvature will be a constant quantity, and

equal to the semidiameter of that circle; also the angle ben
will be always measured by the arc pe, from the vertex o of

the curve; and then the height c1 of the wall, will be every

where proportional to the cube of the secant of the arch pe.

Corollary 5.—Hence also it fol-
lows, that if between the intrados
and extrados curves, an interme-

dizte curve fivl, be drawn through

the middle of the wall, bisecting all

the verticals oy, c1, &e, or indeed
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dividing them in any ratio whatever, so as that it may be
every where v : pv :: c¢1 : ¢'; then if Acpy be an arch of
equilibration to the wall Axvrw, it will be an arch of equili-
bration to the inner wall akein also.

PROP. X

ro

Having given the Intrados or Soffit, of @ Balanced Arch; te
Jfind the Extrados. That s, having given the nature or form
of anarch ; from thence to find the nature of the line forming
the top of the seperincumbent wall, by the pressure of which the
arch s kept in equaltbrio.

The solution of this problem is to be made out generally
I

from the last proposition and its corollaries, by adopting ge-

i v e
neral values of the lines there employed, which buloug to all
curves whatever : or otherwise by making use of the peculiar
values proper to any individual curve, for the solution of
particular cases,

For the general solution, in fig. pa. 41, KvL represents the

extrados, the form of which is required, and arcpar the given

mtrados or soffit of the ar

nv the ]:n_-ig‘.'.'r: or thickness of the wall there, which is com-

1, the vertex of which is p, and

monly a dimension that is known from the particular circum-

stances of the case. Now if we make the arch pe = 3, its

element cc = %, the absciss pH = 2, its element ca = #, the

ordinate ca = v, its element ce = 7, the height or thickness
of wall at the vertex pv = a, and the radius of curvature at
any point c =1, that at the vertex p being = r.
'j'l-,.--n, because the }tt’i;__‘;]lt cr, at any ]mi!]{' c, 1s as

sec3, ben or of cea L.

e ———, by the last proposition, and because the
5 b
E : CC = i ; :
secant of cca 1s = el the radius beine 1, therefore

e 3 - 2

B

o3 w2 3T ;
Grisas——yorasi—sr—ry because %= ¢t = 4/c@* + ca* =
;J." }__'F
1

N 3 or ()}1 He J: z,
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where a denotes a certain given or constant ‘iil-‘=1,-|':r‘\" L
1

ne _5:3_'31“.‘.'-"-':

1 . 1 -
oe déieriminea !‘I'.' making t

1 or DV, the height at the crown of the

Y = J R > : at ¥l o . £ the enre =
Coroitary 1.—1B 1se, at the vertex of the curve o, the

ngle of elevation is nothing, or its secant — =
< 5 ca

1'..rii"!--‘ '.\,:ul ih.' ]':1.'.11[:~ of I:EL' curvature 1'|;vr-.'. l}l-i.l'-._\_" R5 l‘i:r";‘t'—

fore the general expression for the hei , becomes ther
Q B DA v

DY =g =""—=: g::n]]%n‘.:"lnt’nti\' Q@ == ar, which 1s the ognerat
It z f i

r r 1 . " 1
value of a for all curves \\'?I;!t{“"\'l', t-.\;iJ‘.'-.:--H::i 10 terms or the
| 1

height a at the crown, and & the radius of curvature at the

same point. Hence then, substituting this value of a in-

stead of it, the general expression or value of ci becomes

=3 AR
¥ ?

Corol. 2.—Because, in all curves that are referred to an
axis, the general value of the radius of curvature r, is =
———— : therefore, by substituting this value for » in the
yx— xy L =

last expression, the general value of the height cr then be-

 jE—dy FE— i — i 3
comes ——— X dR =——— X @, or = —— x @ when #is
Y 5 J

For, as either & or y may be supposed to flow uniformly,
and when, consequently, either of their second fluxions may

be taken w'luul to nothing, which will cause one of the terms

in the numerator of the above value of c1 to vanish ; there-

fore, by strikin

> out either of those terms, and then extermi-

nating

cither of the unknown quantities by means of the
equation to the curve, the particular value of the height ¢1
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nples, ex-
I

IS

will be obtained: as is done in the following

'f-.‘E]E' in some certain Cases, where more [.'-.'L‘nl'..'.l.' methor

may suit them better, as when the radius of curvature is a
known quantity, &ec.
EXAMPLE 1.

To find the Extrados of a Circular Arceh.

That is, Acpm being acir-

cular are, of aa - or (i i
ap is the semidiameter, @ the 1
centre, and p the vertex of the |
given circular arch; also x the !

vertex of the extrados xie, and v N>

the other lines as in the figure.

Making ¢ = DK, » = sa = & [0} MM

ap the radius of the circle, which is also equal to the radius

of curvature throughout, or » = = ; also » = pp., and =

PC = RI, and z = the arch pe. Then, bec:

1115€

od

and — = the cube of the secant of elevation at ¢, which is
73

ca? or pg?

e ; therefore the general value of c1, incorol. 1,
P’ 1 ; ; 5
§ DK X D@’ el
becomes ¢I = ——— = (- |2 ==
rQ’ r—a

or, aseati: Dadoroa’ o DR lorn

Corol. 1.—~This expression for the value of c1, affords
. .

* mode of calc

very simj ition for the case of a cirenla

to the constant logarithm of the height ¢, add

e 1 : . t £y » 5 41
viple the logarithm secant of the elevation, or of the :

il the natural number answering to the sum will be the

ue of the | ;'i:g|[1: CI, at every :‘:t.‘ii:r'_
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Corol. 2.—It gives also a very simple construction by scale
and compasses, which is as follows:—Join ac; draw pf per-
pendicular to ac, and fg perpendicular to ar; then shall
Qg : ac :: apP’: ac®; because, by similar triangles, ag :
@f :: @f : ap and :: ar : ac, orag, af, ar, ac are four
terms in continued proportion, in which case the first ag is
to the fourth ac, as ar® to ac3, the cube of the third to the
cube of the fourth. Hence, if c1 be taken a fourth propor-
-ional to @2, ac, DK, it will be t!u'!-\-nglh of the vertical line
songht. And this fourth proportional will be easily deter-

mined in the following manner: viz, Join cg, and in the
vertical line 1c downward take ck = px, and draw /£ pa-
rallel to cg, so shall c1 be equal to c? the fourth proportional

to @g, ac, DK, or to ar’, ac’, DK, asrequired.

Corol. 3.—The extrados line in this figure is accurately
drawn according to the above construction and calculation,
when the thickness Dk at the crown is the exact 15th part of
the span am. It falls more and more below the horizontal
line, from the crown all the way till the arch be between 30

1 Ve » AWV . » v \ ey e al 1 Aol £ -
ind 40 degrees, where it takes a contrary flexure, tending

upwards, passing the point1 very obliquely, and thence rising

very rapidly to an unlimited height, in an infinite curve, to

ich the vertical line AG is an asymptote; a circumstance

which must always be the case with every curve, which, like

AC, Springs pi'-]'pt-m_}iL:uf:u'l_\’ from the horizontal line Aqa.

This curve cuts the horizontal line nearly over the point

of 50 degrees. If bk were taken greater than the 15th part

of aM, all the other vertical limes cx would be greater in the

same proportion, and the curve k16 would cut the horizontal

line drawn through K in some point still nearer to x; but

the reverse, or farther off, if px were taken less than the 15th

part. Hence it appears, that a cireular arch cannot be put
i !

in equilibrio by building on it up to a horizontal line, what-

ever ity span may be, or hickness at the

Crowi. And consequent be inferred, that
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the circle is not a curve well suited to the purposes of a
bridge which requires an outline quite horizontal, but may
answer toler ably well when that line bends a little down-

wards, from the crow n toward the extremities:; and then . a

oreat \':u‘ivt}.' of proportions between the thickness at the
crown and the span of the arch might be assigned, which
would put the circular archin equilibrio, nearly.

Now these (_"i‘il’\"\'-ll] §|::|:]n’|1 in general when xr vanishes,
or 1s of no length, and then c1 must be equal to Px, or nearly
so; with which general condition many particular cases may
be found to agree nearly. But it may be proper here first
to make outa general rule for such cases, which may be done

1 the followi ing manner

-]’.\ the premises, the :H'_‘vm.'n'ul
value of o1 being px x secd.
DCy,orasl : sec’ pe :: DK
c1; then, by taking c1 = px,

in ovder to cause the outer

curve KI to cross the horizon-

tal line k1 at the point 1, that ¥
proportion becomes A Q ML
l : sec’ Dc :: DK : PKoOr DK -+ Dp,
3 DP S
i1::DP:DK=————— the radius being 1,
sec? po — ?

Now, by taking the arch pe of various ms ignitudes, from

DA or 207, to o or nothing at b, the several thicknesses px

at the crown, will be found by this theorem, cr_:rn:wpm:iimr_-‘
! &
to the several

Its DP, or span cc, as here 1Ii1”0\\'i]i,!_;', S0 48
.

ed arch very nearly. Thus,

1st. If pc be taken = pa or 90°: then its height is pg =

2r, and its secant is infinite; consequently

*kness at the crown comes

hat is, the thic
his extreme case.
then its height pp = “T4118p,

357, and the sec. bc = 38637 ; there-
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fore px =

Sec?

ness at the crown would be the 14

so much too small for common practice.

1 Nl : >0 : =5 : 01
3d. If pc be taken = 60°: then its height pp = Ir, the

span cc = 7,/3, the sec. pc = 2; therefore px = e

than

he crown would be rather less than the

“ 1 . = H. 3 Al e e
24th part ol the span: wh 15 still too small 1n ordinary

i-‘l'i!’\'_"\":‘

S e the thickness

sec. —1

A & ol £ty
ld be between the 15th and 16th part of the

at the crown w

n allowed in common

o sl -
.“]-.I‘.l; wiaicn 15 s

] i Y | i = Y €
5. If pc be taken = 4 enits | t 1 P— 2PN 2,
1 J i
i Spdn CcC = 7'A 1 C. 1 = LNErcior K o

nearly. That is, the
i

; 3
ne 9th part ol

more than t

is too much,

6. If pc be taken = 30° ;

the span cc = 7, tiie sec. DC = —aaith




SECT. 2% OF THE ARCHES. 49

the span cc = *51767, and the sec. pc = 1°0353 ; therefore

DP DP .

DR = ———— = —— = 9pp = 31 = #c¢.nearly, of % of
Sepde ] Reid]

the span,

From all which it appeats, that a whole arch c¢pc of about
108 or 110 degrées; is the part of tlie circle which may be
used for most bridges with the least impropriety, the thicks
ness at the crown being nearly the 16th part of the span;
with a horizontal straight line at top.

EXAMPLE 2.

To determine the Extrados of an Elliptical Arch of Equi-
libration.

Suppose the curve in this
figure to be a semiellipse,
with either the longer or
shorter axe horizontal : put-
ting /4 to denote the horizon-

tal semiaxe Aq, and » the

vertical one pa, also . = pp,

Y = Pc, and @ = DK, as usual.

Then, by the nature of the ellipse, 7 : % i o/2rz—az

b ———— /S r—
: 9/ ; therefore y= — #/2rr— b, and j = — x ————
VA, L .P" i 7 r »\/ILL!!"—'.I.'J'E:’

= hrat ; 5
—— by making % constant. Hence the
7 P o o
V{2ry—ax)

also j =

. =y hrida
general value of c1, viz,—= x a, becomes —————
3 J? (2re — xo)k

3
e (2re—axz)7 ra :
P Y ————— -,l- = ————_  DBut at the vertéx of the
A3z (r—a) i r — )3
, . . ra
curve b, where 2 is = o, this exptession becomes only T

which must be = px or 2; therefore the value of a is =

ahh ! ; i, o ' |
——, which being substituted for it in the above eeneral valve
e g g

yoL. i. E
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of c1, this becomes c1 = —({j—-— — I—)—K—X;D—S), which is the
(r—z) ra’

very same expression as the value of cr in the case of the
circle in the former example, and which belongs equally to
the e]]l;m, in both poaltlm‘n that i 18, both with thc Imwu‘ axc
vertical, and with the shorter one vertical, as it is in the
figure to this example.

Hence it appears, that the flat ellipse is more nearly ba-
Janced by a straight horizontal back or wall at top, than the
circle 1s; but the circle more nearly than the sharp ellipse :
the want of balance being least in the flat ellipse, but mostin
the sharp one, and in the circle a medium between the two.

EXAMPLE 3.

To determmine the Extrados of a Cycloidal dvch of Equili-
bration.

Let pza be the circle
from which the cycloid
AcD is generated ; and
the other lines as before,

Put ¢ = px, 2 = Dp,
and ¥ = cp = 1R, as
usual; also put » = pa

the diameter of the circle, and z = the circular arc pz.
Then, by the nature of the cycloid, cz is always equal to pz

= z; and, by the nature of the circle, rzis = /22 —xr;
e ave D S e Pt AT R A p
therelore pc or y (=CZ +P2) 18 = 2z + y/ro—2r. Hencej
I .
Ir—2

—— X x; butzis =
(- )

1}

by the na-

ture of the circle; therefore j is = — o
Vi (J.z — )

r—x : ~
v ——; thenj =~
z /(ra—xx)’

making #constant. Hence

= r)q -;ra
e But at the vertex p, r = 0, and

¥ U"
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CI = -~ = a; therefore a = 2ar; consequently the general
2r :
e (i pa, g iy
value of cr is (——)* x a = (—)* x pk; a formula which
r—a FQ

expresses the nature of the curve k1, for the extrados or back
of a eycloidal curve of equilibration ; a curve much resem-
bling that for the circle and ellipse, in the two foregoing ex-
amples, as evidently appears by comparing the figures toge~
ther, each of them being here accurately contracted. But
this last figure, for the cycloid, seems to be rather better
than either of those othey two, as the extrados deviates rather
less from a right line, and extends farther along before it
bends upwards ; and besides, the cycloidal arch is not defi.
cient in either use or graccfulness.

EXAMPLE 4.
Lo determine the figure of the Ertrados of a Parabolic Arel
of Equilibration,

Putting, as before, ¢ = KD 7=
pa, & = a@, » = pp, and Y = pe
= RL. Then, by the nature of the

curve, hh TYy i x = Ty

hh?

2ryy ary?

hence & = S=c @ aiee cics by makine 3 constant.
Rl s AR G
> : 2ra :

Then c1 = wXais= 7 — 2 constant quantity = a; that
¥ 1

18, C1 is every where equal to kp.

Consequently xr is = pp; and since RI is = pe, it is

evident that k1 is the same parabolic curve with pc, and may
be placed any height above it, always producing an arch of
equilibration.
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EXAMPLE 5,
71 0 fnd {”‘_ :'Ii}r, Q} the Erirvados for an ]f',_,",t‘f'.“,'---_-","l- Arch r.}.lf.
Lquilibration.

Here putting, as before, 2 =
xD, r = the semi-transverse, and
} = the horizontal or semi-con-
jegite axe, also z = Dp, and y

= pc = RI. Then, by the na-

) it ot £
ture of the hyperbola, y = — ,/9ra f z2 ; hencey = =
k;

— hrat
i .
X , and, by making x constant,j = ——— 3"
v / (ore+z2)b
Sail Sy I r'a :
I'herefore cr or x als =——————+ DBut In the
h* % [ m

vertex D, where r = o, this expression becomes

ra ahl
77 = a; hence @ = —=, and consequently c1 or

ar® Moy 28 0 Yrnaridh e
A x (r+ a) :} = (r+42 SE = N il =25 4 which is ex-
actly .-;lnn!;n' to the formula for the circle and ellipse, only

having » 4+ 2 in the denominator, instead of r — 2z, which
causes the value of c1 to become always less and less, as
the point c is taken farther fromn the vertex p.

In th 'h hyperbolic arch then, it 1s e vident that the extrados
K1 continually r'“‘}}lhl(_ ies nearerand nearer to the intrados;
whereas in the cirveular and elliptic.arches, it goes off conti-
nually farther and farther from it; w hile in the parabola, the
two curves keep always at the same distance. Cbserving,
however, that, by the distance between the two ‘curves,

in all these cas

esy is meant their distunce in the vertical

direction.
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EXAMPLE 6.

To find the Extrados for a Catenarian Arek of Equilibration.

et @ = kD, £ = Dp, and ¥ = PC = RI, as before ; also

x.

s

et ¢ denote the constant tension of the curve at the yer

]

['hen, by the nature of the catenary,  is = ¢ x hyp. log, of

C=tax 4/ 2cx+ax ; : : )
—————— hence, taking the fluxions, we havey =
¢ : 5
cx 2 2 e {
e ey (0 6 = g by making

a. - But

at the vertex z is = 0, and ci = a = —; consequently

is = ac. This being written for it, there results c1 =
ar , ! x
¥ @ = a 4 —: And the same formula comes out
{

for the logarithmic curve. He

VY - va Bna 2 : P \
gurve KiI, We Have KR = (@ o ¥ — Cl =3 —

Corol.~And hence the abscissa pp, of the inner or soffit
gurve, is to the abscissa gm, of the exterior one, always in

the constant proportion of c toc — a. Sothat, when ais less

me; but

than ¢, r and the curve k1 lie below the horizontal




e
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when a is greater than ¢, they lie above it ; and when a is
equal to ¢, KR isall\\-'al_\-‘ti equal to rmthing, and x1, or the ex-
trados, coincides with the horizontal line. As @ diminishes,
the Tine x1 approaches always nearer to nc in all its parts,
till, when a entirely vanishes, or is so small in respect of ¢ as

to be.omitted in the cxprcssion—o—— X &= KR, the two curves

quite coincide throughout,

Scholium.—As it has been found above, that the extrados
will be a straight horizontal line when a is equal to ¢, a cal-
culation may here be instituted to determine, in that case, the
value of ¢, and consequently of « with respect to x and y, o
a given span and height of an arch of equilibration in that
case, Now the t-quut on to the curve expressed in terms of

X c+ @ + ‘“’[l+.21'
¢, zyand y, isy = ¢ x hyp.log. of ——— > "= 1 °°
J . & z
and when = and y are given, the value of ¢ may be found

trom this equation, by the method of trial and error. But

as the process would be at best but a tedious one, and per-

haps the method not easy in this case to be practised by every

person, we may here investigate a series for finding the value

of ¢ from those of 2 and  1n a direct mauner. Since then

4+ 24+ -?:z—{-rr
7

fluxion of this equation, we have

» by taking the

cx Idx S
——————, by writing d for 9¢; and

-\‘;’ﬁr-t-.x\ v (dx+2x)’

v expanding this expression into a series, it becomes

; = e

d 15850
e 2 Sy S S g R S Sere)is andl L
Y e 5 e 85 And, by
1 e L
taliing the fluents, we have y = J/dzr x (I — — ) 4-

— &c) ; hence, dividing by

1.32 1.3.523
2.4.5d°  2.4.6.7d5 ©

—— e
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1.3.5.7.04 (s X d. 2
&c) ; or, by writing v for i, and w for &/ —, 1t
3 > 5

2.4.6.8.94°

. 1 1.3 1.3.5 1.8.5.7

0= @~ = b e et TEER

5 @ 2.3::'+ 2.4.5w 2.4.6.Tw’ + 2.4.6.8.907

Then, b; ing this series, we have w =¥ += L
en, by reverting F]ls series, we have w = v + 55 3600°
547 337

B

55107 = 660007 &c. Hence, by squaring, &c, and re-
storing the original letters, it is (3d = irwt =) C =:
it 8.1 691t 23851x°
(7+ 3 15 T a7s0y7  #536005°
the first terms are sufficient to determine the value of ¢
pretty nearly.

2R

[

&c), where a few of

Now, for an example in numbers, suppose the height of
the arch to be 40 feet, and its span 100, which are nearly the
dimensions of the middle arch of Blackfriars Bridge at Lon-
don. Then z = 40, and y = 50 ; which being substituted
for them in this series, it gives ¢ = 36'88 feet nearly.
8o that, to have made that arch a catenarian one, with a
straight line above, the top of the arch must have been ul-
most of the immense thickness of 87 feet, to have kept it in
equilibrio. But if the height and span be 40 and 100 feet, as
above, and the thickness of the arch at top be assumed equal
to 6 feet, then the extrados will not be a right line, but as it
&

is drawn in the figure to this example, which figure is aceu.

rately constructed according to these dimensions.

It may be further remarked, that the curves in these last
three examples, viz, the parabola, hyperbola, and catenary,
are all very improper for the arches of a bridge consisting
of several arches; because it is evident from their figures,
which are all constructed from 2 scale, that all the building
or filling up of the flanks of the arches will tend to du.sl".‘u_-._\-,-
the equilibrinm of them. Bntina bridge of one singlearch,
wliose extrados or back rises pretty much from the spring
to the top, one of these ficures will answer better than any
of the former ones—Other l'\CliIl}[)Lf:H‘ of known curves might

J

@ 5‘-'-_1-._..‘-._; bt those that have been here noticed, seem to
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be the fittest for real practice; and there is a sufficient variety
among them, to suit the various circnmstances of convenis
ence, strength, and beauty, that may be desired.

We may now proceed to another general problem, which
is the veverse of the last, and is, to determine the figure of
the intrados for-any given figure of the extrados, so that the
L its parts, - This is a more

arch may be in equilibrio in a
difficult problem than the former, and the more useful one
also, Here commonly, that the roadway may be of easy and

. . [ Ao | nr 3
Wwe are connncda to an outl

e 1:-._:|.-.']\-' hori-

: L T e i e L S ot
sontal, to which the curve of ~the. soffit or inner arch must

PROF. XI.

Having the Eatrados gwen ; tofind the Intrados.  That i,
kaving siven thenature or form of a line, bounding' the top of
a wall above an arch; to determane the figure of the.arch, so

that, by the pressure of the superincumbent wall, the whole may

remain e equilibrio.

putt]ng @ = pk the thick-
ness of the arch at top, 4=

pr the absciss of.the required

intrados arch e, u = KR the

absciss of the

"
o

correspondi

given extrados X1, and 4/ = e

their egual ordinates,

y the Jast prop. c1is = - x a; but crisalse

altoa + & — wu; therefore @ + 2 — u is =
Q. . 3 A pot X
-——— X @ = — % the fluxion of —; where @ is a con-
3 y 2

stant quantity, as used in the last proposition, and is always

to be determined from the nature or conditions of each par-

ticular case, commonly indeed by taking the real value of
Cl, Viz, DK or a at the vertex of the curve.
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Hence then, by substituting, in this equation, the given
value of u instead of it, as expressed in terms of #, the re-
sulting equation will then involve only & and ¥, together
with their first and second fluxions, besides constant quanti-
ties. And from it the relation between 2 and y themselves
may be found, by the application of such methods as may
seem to be hest :‘_'.’.'.- ted to the ||..1iu ular form of the "|\- 8|
equation to the extrados. In general, a proper series for the
value of 2 in terms of ¥ is to be assumed with indeterminate
coeflicients ; which series being put into fluxions, strikine out
of every term the fluxion of ¥ ; and the result put into
tluxions acai

striking out from every term of this also the

fluxion of 4 ; the last

wession drawn inte a being equated

to @ 4- @ — u, there n..l be produced an equation, from

values of the coeflicients of the

PR A B §
LEIINS 10 tlie &

Fortunately however, the 11:1,‘ ess 18 more simple and easy

'

in the most common and useful cases, than micht at first be

expected from this --:"1;01‘;1! method, viz, “'heu the extrados

18 a straicht line, even when it is obli ique, and still more when

it 18 horizontal B es to which we shall now proce ed to

apply the general method, in the following examples,

XAMPLE 1.

To find an Arch of Equilibration when the Ilxtrados is a
strarghit Line, oblique or inclined.

In this case, the extrados will

have a resemblance to the sloping /'
& il \

vop oy e :

roof of a house, asin the annexed y | T

figure, and is often used in the  “H AL~ li: Y

case of gcunpowder 4 ["/ o | .
g e =rlg B Sy

Here ,-lf,gji.,wnr_f the notation as e ‘ Q 5L

in the proposition, the general equation there is c1, or w,

X 7 SUpPpOSing &

i
o
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a constant quantity. But xkr or u is = ¢y, if ¢ be put to
denote the tangent of the given angle of elevation x1r, to
ax

radius 1 ; and then the equation is w = a4z — fy = =
But the fluxion of the equation w = e + = — y, is<v =
# — 2, and the second fluxion is @ = ¥; therefore the gene-

QW : Qi
— : and hence way = ——, the
o

ral equation becomes w =
1

fluent of which gives @* = but at D the value of w is

— a, and «v = 0, because the curve at D is parallel to X1 ;
i Qi

therefore the correct Auent is w'—a* = ——.  Hence then
3

the correct fluent of which

Vot — at
w 4- & wr—at

gives y = 4/a x hyp. log. of - —_
a

Now, when the vertical line c1 is at the position AL, then
w = ci becomes AL = the given quantity ¢ suppose, and y
= aq = /h, in which case the last equation becomes it =

c4 et — a

v a x hyp. log. of ——————; hence it is found, that
i@
- | : h
the value of the constant quantityRiQas———r =
L1 &
h.l. of ————

which being substituted for it in the above general value of

log. of ——— -
. a
4, that value becomes y = & x ., drom
2 ¢4 e a
log. of ————-—
e a

h equation the value of the ordinate c» may always be
o every given value of the vertical c1

ind, to

I’m‘_ if, ot ‘h&. other hand, ®c be given, to fi nd c1, which
b

il be L"‘f: more convenient way, it may bL‘ found in the fol-

b 1o
ne log

=45 ir] 1 ] ¢
. ofg, and e = ‘{;;- X log. of
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¢ + Vet —a?

@

; then the above equation gives cy+ A = co

log. of (w 4 Vv w* — @) again, putn = the number whose
log. is CyY 4+ A; then n = w - y’:_izt_i_é?; and hence w =
a* -+ n’
o5 =OL

This example is more peculiarly adapted to the use of
magazines for gunpowder, which are usually made in the
manner represented in the figure above, that is in regard to
their roof, for the inner curve itself has commonly been made
a semicircle. But it is a constant observation, that after the
centering of semicircular arches is struck, they settle at the
crown, and rise up at the flanks, even with a straight hori-
zontal extrados, and still much more so in powder maga-
zines, where the outside at top is formed, like the roof of a
house, by two inclined planes joining in an angle, or ridge,
over the top of the arch, to give a proper descent to the rain;
which effects are exactly what might be expected from a
contemplation of the true theory of arches., Now this shrink-
ing of the drches must be attended with very bad conse-
quences, by breaking the texture of the cement, after it has
in some degree been dried, and also by opening the joints of
the vousoirs at one end ; consequently the application of the
formula above investigated must be accompanied with bene-
ficial effects. It may be useful therefore to give here an ex.
ample in numbers in a real case of that nature. If the fore-
going figure then represent a transverse vertical section of a
balanced arch in all its parts, in which the span AM is 20
feet, the pitch or height pa 10 feet, the thickness px at the
crown 7 feet, and the angle of the ridge LEN 112° 37, or the
half of it LKD = 56 18'L, the complement of which, or the
elevation KIR, is 33° 41'L, the tangent of which is = %, which
will therefore be the value of ¢ in the investigation above.,
The values of the other letters will be as follows, viz, bk = ¢

=7; Aa =h=10; pa =7 = 10; AL = ¢ = %' = 104;
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+= log. of 2:56207 = ‘0408591 ; oy +

A = 0408591y + ‘8450980 = the log. of 7. From the gene-

a* -+ n*

ral equation then, viz, c1 = W = —5 > by assuming ¥
successively equal to 1, 2, 3, 4, &e, Val. of y| Val.of w
and thence finding the correspond- or CP. or CI
ing values of cy + A or "0408591 =

1 +8450980, and to these, as com- ])

mon logs, taking out the correspond- ' H,

ing natural numbers, or values of 73 4

then the above theorem will give 5

the several values of w or cr, as i’_’

they are here arranged in the an- :’

nexed table, from which the figure I]

of the curve is to be constructed, [ 10

by finding so many points in it.

EXAMPLE 2.
To find an Arch of Equilibration whose Extrados shall be a
Horizontal line.

7

The process for this case

1

differs in nothing from that in

the former example, but n

substituting the horizontal line

of extrados k1, instead of the

oblique one, by which the

K Q

angle pr1 becomes a right

angle, therefore the '.mgi': KIR, in the former example, va-
Tl ATir 4Ll W T ) P - ; g 1 g 1
nishes, and consequently its tangent also, that is, the value

of #, in the last example, becomes nothing in this: all the

other letters and the formula being the very same
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A= 50; pa = 40; Ka=id = G

Lt N =@ 46 + 4 ./ 130

the !j:,']}. loo. of e = ]u,'lg_ log . of bt 2 e
z A : 5

=hy by which dividing & ox

50, the quotient is 183435 So that the ordinate Y will be

1 1
constantiy, 1n that case, equal to 1a'e4095 -4 nyp. log. ol

_=05451497 is = ¢, and A =

hyp. log. of 6=1"7917594; therefove n is=the nun

hyp.

1
i Wiose

og. 15 Cy -+ A or *05451497 y 4 1177917594, EHence, by
s.of the le

the corresponding values of n will be found as above, and

assuming several value

tter 4/, which is =cp orax,

) or ot £

1 . .
then those ol

m the final general equation w =

(i e s el B
i e — =3 T

n®. And in this manner were

24 12

calculated the numbers in the following table; from whicl

o

the curve being comstructed, it will be as appears in the

' . F1aa. e - 1 {
And thus we liit\'t'. @l ;ll'('h 1 Et'l‘._'il]lijl']'{l[l] in :l]r 1ts ! (S,

and its top a straight line, as is

generally required 1n most

35 ov at least they are so near a horizontal line,; that

thelr difference from it will cause little or no sensible il

consequence. It is also both of a o

PR s S :
eful figure, and of a

convenient form for the passa

through it. 8o that no

reasonable objection can be oflered against its adeption

-._'.nt‘}-{.t_i :::' colsequelnce, on account of its rllm_'h;lllj-";l} excel

j.;l_ri_"\'.
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The Table for Constructing the Curve in this Exampie.

IValue (Valuef| Value | Valu r Value | Value | Vatue | Valuc|! Valoe | Value
iut'xl of 1) of Kt |of1c | uwf K1 !ruf g |! of K1 |of1cf of K1 [of 1C
et | ! e e
t 0 |6 15 I ] 'f ig62:|l 42 ’nng;u
f 2 16 | 43 31+563
| 4 17 ¥4 |93-99u
FolliG 18 i 45 |35:135
s 19 46 |‘ sT 075
{10 20 47 |89196
| 12 21 48 |41
| 13 23 19 |43 .m'(
14 23 50 | 46:000

The above numbers may either be feet, or any other
lengths, of which pa is 40 and aa is 50. But when Da is to
QA 1N any other 1)1‘:1110!‘&011 than that of 4 to 5, or when px is
not to Da as 6 to 40 or 3 to 20; then the above numbers will
not answer; but others must be found by the same rule, to
construct the curve by. In the beginning of the table, as
far as 12, the value of 1 is made to differ by 2, because the
value of ct in that part increases so very slowly. After-
wards they difler by anits or 1.

Other examples of given extrados might be taken; but as
there can scarcely ever be any real occasion for thL’m, and
as the trouble of calculation wonld be, in most cases, very
great, they are omitted.

As the theory for arch vaults, before latd down, will so
easily apply to the arches for domes or cupelas ;:isu, a pro-
position or two may be here added for that purpose, as
follows.

PROP. XII.

When a regular Concave Surface Dome, or Pault, formed
by the rotation of a curve turned about its axts, is kept in equi-
Lbrio by the pressure of a solid wall built on every part of it
then the Height of the wall over any part, nd’u'rdh;p; npor!wuw
to the cube of the secant of elevation therve, and inversely pro-
po “tional to the radius of curvature, and to the diameter or
awadth of the dome at the same part.
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That is, vI being the form of the
exterior surface of a balanced shell,
the interior surface of which is
formed by the rotation of the curve
DeA about its axis pH; the eleva-

tion of any part ¢ being the angle

bcu, and cu the ordinate or semi-

diameter of the dome at the point ¢, also 7 the radius of

curvature to the same point: then the height or vertical
1
i

L

iickness of the shell over the point ¢, or c1, is proportional

Let acpes be a small part of the inner surface, like a
curved sector or gore, DcA and Der being two near positions
of the generating curve. Now the vertical load on any
part ¢ of a balanced arch, in a shell or doie, in the present
case, is a solid pillar, ¢z, whose height is cr, its breadth ca,
and thickness ce, and consequently 1s = c1 x ca x ce. But

; CH 1 5 : : !
cails as — or as ——————: and ce is always in the same

ch sec. UCH 't

proportion as cH ; therefore the pillar c?, or 1 X ca x cz
cl X CH g : :
1s as —————; which load, by the 8th prop. is also propor
sec. bcH ¥
; sec*, ben : cl X CH . sect. ben
tional to ————; therefore —~—— is as ————; conse-
r sec. beH r
: : : secd, bcH 3 ;
quently the height c1 is as —————. That is, the vertical
i X CH
height of the wall over every part of a balanced shell, or
dome, or vault, is directly as the cube of the secant of the
curve's elevation at that part, and inversely as the radius of
curvature, and also inversely as the width of the dome
the same place.

And here may be 2lso understood several corollaries and
observations exactly similar to those to the 3d and the ath
propositions, and which therefore need not be repeated in
this place.
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PROP. XIII.

RECT I 3 - 3 v
Sroen e form of the -‘r.Jr'.-‘-' UYL

e tnatk of

hat 15, having g

ind the natwre oF e outer

‘_; thence to

Il 2 I e I WA
aumbent wall, by the pressure

the ' hei

er of ‘t will be pro-

portional to the following

forms or = quantiti viz,
AR N
CI 15 ‘either as 5 OI
7' X CH
iy i 2. : . e
as = , Or as when & 1s considered as invariable,

ES Y . - -
or as —— when 7 1s anvariable: in which the letters have
y
'.1] ) e e R he absclss:. 77 — I L
the usual values, namely, » = pa the absciss; 7 = cH ‘the
ordinate, and z = pc the curve, also r the radius of curva-
ture at the point c. Or the general value of er will be equal

to any of these forms multinlied by a certain constant quan-

tity @, the particu

mined by puttin

ar value of which is always to be deter-
g the general value of cr equal to the given

thickness of the shell, either at the crown, or at some other

tlar place, where that value may happen to be known

Corol.—From this, and the foregoing prop. we may infer
1.: 1 - : .
tols geneval observation, namely, that no ‘curve can produce
the figure of & true or exact balinced domeor cupola, unless

taat curve be of such a nature as to have its radius of curva-
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ture at the vertex of an infinite length, or the curvature at
the vertex nothing; which is the case with some curves; or

=

unless the thickness at the crown be infinite. For, at the
vertex, the angle of elevation bcu is nothing, and the secant
= 1; the ordinate ci is there nothing also; therefore the

A secd. fcH ;
general expression, cr =2 , becomes, at the vertex,
NERICH
1 1 v : A
DV = —— = = nfinite, that 1s pv must be infinite, if »

RECTOMD

be a finite quantity.
Or,. if Dv be finite, as suppose = A; then e = —— ,
PiRo
eiain s Lededeliiy infinite, when a is finite. That is,

¢« X 0 O

the radius of curvature at the vertex must be infinite when
the Leight there is finite or given; or, on the other hand,
the height or pressure at the vertex must be infinite, when
the radius of curvature there is a finite or given quantity, to
have the shell truly balanced. Of this nature there are se-
veral curves, of the parabolic kind in particular, of a form
‘both convenient and graceful, such as the cubical parabola

in the following example.

EXAMPLE.

Taking, for an example, the
curve pc of the cubical parabola,
so called because its abscisses
are proportional to the cubes of
their ordinates. Thus, putting
2 = pH the absciss, ¥ = cnu the
ordinate, and a the parameter,
or a given quantity; then the equation to the curve is

av = y*. Hence, taking the fluxions, we obtain x = 222,
; i i
6yt sz ; ; £ A o
and # = _-..’f.’.---_l when 7 is considered ag invariable T'his
(4
YOL. 1.

—gr
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value of # being substituted for it in the general value of the
6 ;
— 3 that 1s,

: . x
height c1, viz, ) this becomes ¢1 = :
T t

any given or constant quantity. Consequently the outer
curve is the same as the inner, but placed in a higher posi-
tion, as they appear in the figure to this example, where
the curves are accurately constructed to a particular scale,
when the greatest width anm is 80 feet, and the he ight nDa is
64 feet.

The foregoing principle for balancing dome vaults, it
must be understood, is quite independent of the aid it re-
ceives from the circular or other form of its contour, in which
indeed consists: its great strength and stability. For, from
this shape it happens, that the inside or outer one, in the
vertical section, may take any form whatever, either convex
outwards, as is usual in rotund domes, or a straight side, as
in the cone of tile kilns or the pyramidal spire, or even con-
cave outwards and convex inwards, For, by making all the
coursing joints of masonry, quite around, not flat or hori-
zontal, but everywhere perpendicular to the face, and all
the vertical joints tending or pointing to the axis, all the
stones or bricks, &e, will act as wedges in a round curb, and
cannot possibly come down, or fall inwards, unless the com-
ponent parts could be crushed to powder, or the bottom
circular course burst outwards. To prevent this from hap-
pening, a strong hoop of iron may be passed round the bot-
tom, and in other parts also, in works of consequence, which
effectually secures the fabric from bursting open, or flying
outwards, while the round form, like a uub, as se ('111e]y
prevents it from falling inwards. Hence too it happens,
that considerable openings may be cut in the sides, or it may
be left open, as if incomplete, at top, and over the opening
may be erected any other figure, whether lantern or spire,
&e, either for use or ornament,
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GENERAL SCHOLIUM.

In the foregoing propositions have been delivered the
chief vaviety of ways for constructing the arches of bridges,
so as they may be in equilibrio or balanced in themselves,
There are three of these different methods; first, that which
is derived from the consideration of the equilibrium produced
by the mutual thrusts, weights and pressures of the arch
stones, supposing them prevented from sliding on each other
at the oblique joints, either by their roughness and friction,
or by the cement, or stone locks, or iron bars let into every
adjacent pair of stones ; which give the arch the effect of
one compacted frame, pressed on vertically by the weight
of the superincumbent load of wall above it: which seems
to be the true and genuine way of considering the action of
that load on the arch.

The second method, is that in which the balanced arch is
computed on the supposition that the arch stones have their
butting sides perfectly smooth, and at free liberty to slide on
cach other. A method which is but little insisted on, as it
is founded on a supposition which is neither in nature nor
art, and which can never take place in any real construction
of an arch.

The third method, is that which has fur its principle the
catenarian or festoon arch, formed by the suspension of a
slack chain or cord, by its two ends, and afterwards invert-
ed. This idea it seems was first proposed by Dr, Hooke,
near the latter part of the 17th century, when the Newtonian
mathematics prepared the way to true mechanical science.
This is a strietly just and useful principle, and may be most
easily extended to every case that can happen in practice.
At first indeed the idea had nothing more in view than the
balancing of the single or thin arch, formed by the voussolrs
only, as the catenarian curve, formed by a simple chain or
cord, can aim at nothing further than the halancing of that
simple string of arch stones, without any vther wall to fill

F 2

gt
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up the flanks, &c. This principle was also neatly treated of
by Delahire, in prop. 123, 124, 125 of his Traité de Meca-
nique, published in 1695. But the same principle has been
Jately acted on, and extended much further, by professor
Robison of Edinburgh, namely, by making thus a festoon
arch balancing, not only the simple string of voussoirs, but

also the whole load of the superincumbent wall, of any pro-
posed form whatever. This method, so easy inits practical
operation, depends on, and is easily deduced from the first,
or that which balances the arch by the mutual thrusts and
pressures of the parts; by showing that these forces, of mu-
tual pressure of the parts, are exactly equal and opposite to
those by which they pull or draw each other in the case of
suspension.

It is true that the equilibrium which any theoryestablishes,
is of so delicate a mature, by supposing the parts to touch
only in single points, that it may be called a tottering equi-
librium, since any other weight or force added at any part
would press the arch out of its true balanced form, and, by
shifting the points of contact of the parts, bring the whole
down to the ground, if it were not that the arch stones have
some considerable length, by which a stability is ensured,
as the altered figure will find new points of contact, where
the action of the parts will prineipally bear, and through all
which points a new curve line may be conceived to pass, as
the catenary or festoon balanced arch. And henee it follows,
that the Jonger the butting joints or arch stones are, the
more stable and secure the whole fabric will be ; since this
circumstance will allow of the more change either in the
ficure of the arch, or the true catenarian points of bearing
or thrust, and yet have a competent substance of solid stone
to sustain the great force of such actions. It is therefore of
the greatest importance to have the arch stones made as
long as may be, consistent with economy, and the other
circumstances of the fabric. And this was the great use of
the ribs that were employed in the old English architecture,
the great projections of which augmented considerably the
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stifiness of the whole, and enabled the architects to make
use of comparatively very small stones in the other parts of
the work. This contrivance we find has been used in con-
structing roofs, as well as in bridges; the few old remaining
ones of these we see have been constructed and strengthenaed
by these ribs of lone and large stones. It would therefore
be perhaps the safest and firmest way, to give the whole
masonry of the wall, over the arch stones, the same position
of joints as these stones themselves have, namely, not in
horizontal courses, but everywhere the joints in the direc-
tion perpendicular to the curve of the arch, quite up to the
top or road way; as we see indeed has been practised in
the face of the masonry at Westminster bridge. For, by
this means, the whole has the effect of arch stones, consi-
dered as extended the whole length, from the soffit of the
arch, all the distance up to the road way : thus ensuring a
strength and safety so complete, as to render even consider-
able deviations from the theory of a balanced arch of no
material bad effect whatever.

ST OQIN LT,
OF THE PIERS.

WauexN an arch is supposed to stand alone, and well ba-
lanced, it is necessary that its piers or abutments should be
at least sut}i::i(_\m!}' firm and massive to resist l.'.m‘nph_-.l,t:|_\-' the
shoot, drift, or horizontal push of the arch. For should the
pier yield in the least to this drift, and be pushed aside, the
arch must infallibly fall down. It is therefore essential that
every arch should have its abutments properly adapted to
resist effectually its shoot, And the same precaution ought
also to be employed in a string or series of arches, such as
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an arcade, ora long bridge composed of several openings: for
though, in these cases, the arches may be supposed to sus-
tain mutually each other’s thrust, while they are all standing,
and to require only a slender pier between every adjacent
pair of arches, to serve as a thin plane between their mutual
pushes, like the ridge board between the butting ends of the
rafters in the roof of a house; yet provision should be made
against any possible aceident that may happen to any one of
the arches 1n the stringe,
1

josed cut open, or to fall down, and yet not affect the ad-
I ) !

so as that any of them may be sup-

jacent ones, but leave them standing firm and independent,
sustained by their own piers alone. For otherwise, should
the arches be made in a string as it were, all dependent on
each other for support, then on an accident befalling any
one arch, the entire series of arches must follow it, and the
whole fabric come down.

Prudent architects therefore take care to employ various
means of constructing their piers to be, as they expect,
sufficiently stable and firm, to sustain the shoot of the arches;
without however being always certain of the just and ade-

quate effect. For this reason it sometimes happens, that
their ])i('rs are made too slender for ]'ncrfcct .\':Li‘r:t‘l\', and
sometimes indeed, erring on the other hand, they are made
unnecessarily thick and massive; a mistake which, to say
nothing of the ungraceful appearance, both enhances the
expence, and also impedes the free and easy passage of the
water and navigation, by occupying too much of the breadth
of the river, by such loads of solid masonry. It is therefore
intended, in this section, to give rules and examples for
computing nearly the proper thickness and weight of a pier,
50 as to be an exact balance to the shoot of the arch; that
by then giving it a very little more thickness in practice, a
security is provided against any accidental and extraneous
effort.

But this equilibrium is not easily or certainly to be effected ;
it is by all authors attempted, though not always justly, by
determining the thickness of the piers such, that the resist.
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ght to being overset, may be at least equal to

ance of its we

the force of theshoot or drift of the archagainst it. This prin-
ciple is obvious enough; but then all authors have not agreed
in the method of estimating the value of this last force in
particular. Some have determined this point on supposition
that the wedges or arch stones are perfectly smooth and un-
connected with cach other; while others have supposed
them so firmly connected, as to form the arch into a solid
mass, acting like one rigid body only. It is true, and it has
been proved in the beginning of this work, that in an arch
of equilibration, formed of parts properly disposed, whether
of wedges, or of vertical pieces, the horizontal push or
shoot is constantly the same quantity in every part of the
arch; being to the weight of the arch above that part, as
radius to the tangent of the elevation af that part of the arch
above the horizontal line: from which circumstance some
persons have imagined that, by computing the shoot or drift
for any small given part, as at the key stone for instance,
which can easily be done, that will be a sufficient measure
or value of the whole; then by applying it at some particu-
Jar part of the pier, as a force or action tending to overturn
it, an equilibrium is established between them. But this
method will not do : because it is founded on the supposition
that the constituent parts of the arch are perfectly polished,
and at liberty to slide freely on cach other. Whereas, on
the contrary, the parts that compose the arch are completely
hindered from slidite on each other, partly by their rough-
ness and frietion, and partly by the cement employed be-
tween them, and still more by the ties and fastenings placed
within, to bind them together. By these means it happens,
that all the parts are firmly compacted and united, so as to
form the whole arch in some measure, into one rigid and
solid mass ; and besides that many of the voussoirs, in the
lower parts of the arch, are built and bonded into the very
body of the pier itself, and forming a part of its very mass.
The same prineiple also, of the constant and determinate

magnitude of the horizontal push, is founded ou the suppos
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sition, that the arch is a true and reul arch of equilibration;
which perhaps can never be justly said to be the case. Be-
sides, if it were such an arch, and the quantity of the con-
stant horizontal push duly found, it would still be doubtful
at what point of the pier toapply it, in making the ecalcula-
tion of its effect, on account of the circumstance that the
arch has a bearing and oblique thrust, not against one point
ouly, but in a different degree at all the points in that part
of the pier extending from the impost, or foot of the arch,
upward to the very top or roadway over the bridge.

On all these accounts then, and perhaps others, not here
adverted to, it would seem that there is not, and perhaps
cannot be, any true and perfect mathematical calculation
made, of the exact balance between the push of an arch and
the stability of the piers, Hence it has happened that various
methods have been employed for this purpose, by different
authors, with more or less show of reason or grounds of
propriety: and hence also many practical engineers, neg-
lecting all such caleulations as unsatisfactory, have depended
on practice and experience only, taking care, as they think,
to err on the safe side, by making the piers much too mas-
sive, rather than risk the hazard of a failure by the chance
of the contrary case. In this uncertainty, after several trials
and examinations, two of the most promising, among the va-
rious ways. of solving this problem, have been selected and
delivered in the following prop. as affording probably a near
approach to a true conclusion.

PROP. X1V,

To find the thickness of the piers of an arch, necessary to
keep the arch in equilibrio, or to resist its drift or shoot, inde-

pendent of any other arches.

First Solution.—Let BpDEC be the half arch, and rrcu
the pier necessary to balance and support it, considered
as moveable about the extreme point ¢ of the base.
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Through the centre of gra-
vity 1, of the arch BDEC,

let 1k be drawn perp. to
the span aoke. Now the
semiarch BpEcissupported
against the part of the pier

zc, but chiefly on the 1mn-

post or lowest point g,

which sustains its weight, MG
and by the horizontal ('/',

thrust of the other semi-

arch ALDB, acting against it in the line of meeting BD.

If both of these pressures be taken at their lowest points 5, ¢,

the arch may be considered as supported at these two points
after the manner of a solid beam. But when such a body is
supported in this way, it is well known, from the principles
of mechanies, that the weight of the body downward, is in
proportion to the horizontal push at its foot, as the vertical
line 1x is to the horizontal line xc; therefore the weight of
the semiarch BDEC, is to its shoot against the pier at ¢, as
IK is to Ke¢: this force or push therefore will be expressed by

c o ;
7 X% where « denotes the arch BDEe, or its weicht or

its area: and if this force be drawn into the length of the
KC.CF

1L'.‘-'l"1' CF, l']ll.: ]Jl'UdlI{_‘.t _— o \‘r'i“ L‘X])l"\]:‘}.‘i T_hL'. l.:ir'll.‘,:ll.:i“'llf*
1K

force tending to overturn the pier, by causing it to turg

! 5

back about the point ¢, supposing the pier to be firmly
compacted into one mass.

Now, to oppose and balance this force to overset the
pier, arising from the push of the arch, we have the resist-
ance depending on the weight of the pier itsclf. This weight
may be supposed to be collected into its middle vertical

line MN, or it may be represented by an equal weic

t p sus-
pended from its middle point M; p, acting by the lever

MG, and denoting the weight of the pier, or its arca EF.FG,
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Therefore the resistance of the pier will be espressed by
EF .FG.;FG O JEF.FG>
Then, by making this opposing force of the pier equal to

the efficacious foree of the arch, both as expressed above,
that there may be a just balance between them, they will

equation, from which will easily be determined the
, or thickness of the pier, so as to produce

rium.  And, by adding a little more to it,
stability 1s considered as sufliciently

ol n, having made the equation v . FG*=

KC.CF . : : KC. CF N

- — . &, its resolution gives us F¢ = ,/——.2a,whigh
IK ) IK . BF

is the first theorem or rule for the thickness of the pier: but
]
swhich will probably be too small, by having taken the whole

push of the arch as actine at the lowest point c.

Second Solution.—In the second mode of solving this pro-

blem, though the arch stones are supposed to be laid in mor-
3 -3

so cemented or locked tocether as to prevent them

from egsily sliding on one another, yet the whole not consi-

tar, and
dered so firm or hard as to form as it were onc solid
stone ; but the mortar or connection being only so firm, that
if the piers were not sufficiently strong, the areh would break
in the weakest part, and overturn the piers. In this method
too let all the matter in the arch BpEc be supposed collected
intoits centre of gra-

vity 1, throuch which

draw o1 from the
centreo,andthrongh
the joint sk of the
arch in which the

centre of gravity is
sitnated :  perpendi-

cular to the joint sr

draw 1ap, the direc-

tion in which the

e
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joint swr resists and supports the action of the archat 1: draw

1 perpendicular to Ac, or in the direction of gravity, also
cp and xa perpendicular to 1p or parallel to oIR. Then if
1k represent the weight of the arch BpEC in the direction of
gravity, this will resolve into 1a the force acting against the
pier perpendicular to the joint sr, and ax the part of the
force parallel to the same: the line 1ais the only force acting
perpendicular on the arm er, of the crooked lever rGp, to
turn the pier about the point G ; consequently 1a x Gp will
express the efficacious force of the arch to overturn the pier,

and which must be equal to the force of the pier itself, de-

3 . 1a
noted by the area 6 x *re as before; thatis—. @ . Gp = EF .
. 3 : K
¥G . 1FG = 1EF . FG%, ¢ denoting the area of the section BpEc
of the arch, as rr. re denotes the section EFGH of the pier.
And this equation, after substituting for e its value, will be
a 2d theorem for the thickness of the pier, and which may

];1‘0!):1M.\' be rather above the just tllliLIlt".ib\

Schol —As the centre of gravity is employed in both the
preceding methods, it will be necessary to employ a few lines
on the manner of finding the place 1 of that centre, together
with the various other lines in the figure dependent on and
connected with it. Now the centre of gravity 1 may be
known either by mathematical caleulation, or by mechanical
and geometrical measurement. Thebest way of performing
the first method seems to be on this principle, viz. ¢ That
the content of the solid described by any plane surface, either
in moving parallel to itself, or in revolving about a line as
an axis, is always equal to the product of the generating
plane, and the line described by its centre of gravity.’
Hence, if the whole ficure opec be first revolved about the
axis oc, the rectangle opec will deseribe a eylinder, and the
space oBsc, of a given figure, will describe asolid of a known
macnitude; the difference of these two solids will give the

content of the solid described by the mixed space BDECSE ;
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this solid content divided by the area of its said generating
figure, gives the circumference of the eircle deseribed by the
centre of gravity 1, which circumference divided by the num-
ber 6+2832, or by 4#, will be the length of the radius 1x. Next,
bv conceiving the same figure to revolve about the axis on,
and lll‘l‘.[_'l'l.‘(liil_‘;l_' in the same way, there will be found the line
ok, or the distance of the centre of gravity 1 from the axis
op. The point 1 being thus determined, there will hence
be known all the lines K¢, o1, RS, 1@, 1T, TE, &c. Then, by
denoting the unknown breadth of the pier, EH or re, by any
letter, as z, in terms of it will be expressed the perpendicular
cp: thus, by similar triangles, as 1K : 0K ::7TH : BV ; hence
cu — BV gives Gy, and OI : IK :: GV : gp expresses the
unknown line ep. Lastly, the value of gp substituted in the
: ; 1Q_. GP ; : :
foregoing equation LEF , 16> =——— . 4, it will be in the
IK
form of a quadratie, the solution of which will give the
value of Fa, the thickness of the pier sought, very near the
truth,

The mechanical way of finding the centre of gravity 1, and
the geometrical measurement, is thus performed: On cavd-
paper or 11{:5{L-5_1r1;i1'd, or any other thin ])];m‘, construct the
eiven figure BpECE very correctly, ofa pretty larpe size, from
a scale: then cut it out very neatly by the extreme edges,

=

and lay it so as just to balance itself over the straight edge
of a table, the line ce parallel to the edge, and close by the

: of the table draw a line on the paper, which will be the

Jine 15 : next balance the same ficure in like manner with the

line pE parallel to the edge of the tuble, close by which draw
another line, crossing the former line in the point 1, which
will be the centre of gravityof the figure, determined suflici-
ently near the trath.  This done, Jay this point 1 down on
another general construction of the figure, having the repre-
sentation of the pier annexed, on which also draw all the other

lines before mentioned, measuring their lengths by the scale

f construction, and noting them down, Then with these,

A PR S . S (A B i 3 S s
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together with the thickness of the pier En or rG, denoted by
the unknown letter z, compute the value of G, which, with
z the value of re, substitute in the equation JEF . FG* =

— . @, which reduce and solve as above mentioned, to

determine the value of z or re the thickness of the pier;
which may thus be easily determined in all cases, and with a
sufficient degree of accuracy.—The same methods of deter-
mining the centre of gravity, and the lines 1k, K, 1n the fig.
to the 2d example following may be employed, to substitute
in the expression ¥G = 4/ BC ol 2a, for determining the
1K EF '
thickness of the pier by the first rule.

In the foregoing solutions, it appears that, besides having
given all the measures or dimensions of the arch and height
of the pier, it is necessary to know the areas of their vertical
transverse sections, or at least that of the superstructure
spEc: and this is easily to be found, when the figure of the
arch B and the exterior DE are known, viz, by deducting the
area of the space or vacuity oBsc from that of the whole
figure opuc.—The foregoing solutions may also be consi-
dered as taking place either when the pier s all dry, or when
it stands partly in water, which can penetrate its foundation
or the joints of the masonry: and whether this last eircum-
stance takes place or not, can probably be well judged of and
ascertained by the experienced builder : if it do take place,
which is perbaps commonly the case, then in the calculation
the weight of the part in water must be reduced in the pro-
portion of 5 to 3, as stone loses 2 parts in 5 of its weight when
immersed in water.—In the foregoing solution it has also been
supposed that the pier is made every where straight alike, oz
equally thick down to the very bottom, as represented in the
two preceding figures. But, instead of that, it 1s very com

mon to enlarge the pier towards the bottom, both to give it

a broader base to stand on, withot x

increasing the weight oi

dimensions above, and to make the lever wx longer at the
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base, to oppose a
greater resistance to

itsoversetting or turn-
ing about the point
G, and without any

sensible increase to
the weight of the
pier. On the con-
trary, as the thick-
ness, and consequently the weight of the pier; may be dimi-

nished above, in proportion as it is enlarged at the founda~
tion, without diminishing its force of resistance and stability,
the experienced architect will avail himself of the circum-
stance, to reduce ina considerable degree the size of the pier,
and the expense of the work. :

In the investigation of this proposition, the sections of the
arch and pier are used for their solidities, as being evidently
in the same proportion, or in that of their weights, since they

' are of the same length, viz, the breadth of the bridge. By
the above rules then, the necessary thickness of a pier may
be found, so that it shall just balance the spread or shoot of
the arch, independent of any other arch on the side of the
pier. But the weight of the pier ought a little to prepon
derate against, or exceed in effect, the shoot of the arch: and
therefore the thickness ought to be taken a little more than
what will be found by these rules; unless it be supposed that
the pointed projections of the piers against the stream, beyond
the common breadth of the bridge, will be a sufficient addi-
tion to the pier, to give it the necessary preponderancy. We
may now take some examples of the calenlation in numbers,
to show the manner of operation, and in them also to point

out the easiest methods of caleulation.

EXAMPLE 1.

Supposing the archin the figure to be a semicircle, whose

height or piteh is 45 feet, and consequently its span 90 feet ;

i i . SR o o e SN 2
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also supposing the thickness ps at top to be 7 feet, and the
height ¢r to the springing 20; let it be required to find
the thickness vc of the pier, necessary to resist the shoot of
the arch ; the roadway being a horizontal right line.

Now in this example we have 0B oroe = 45, 8D = 17, (fig.
p. 74) oD or cE = 52, cF = 20, and EF = 72. Hence, the
rectangle oDEC = 0D X 0c =52 x 45 = 2340, and the circu-
lar quadrant oBc = 45* x -+ = 1590 nearly, the difference
of these gives 750 = a, the area of the arch 8pEc, Again,
the content of the cylinder generated by the rotation of the
rectangle onkc, about the axis op, is 40¢* X 1L x on; and
the content of the semisphere, generated by the rotation of
the quadrant oBc, about the axis oB, is 40c* x LI x 0B;
therefore the difference of these gives 40¢* X 1l x (op —
20B) = 8100 X $X x (52—30) = 8100 x 1t x 22 = 8100
x LY x 11 = 140000, for the content of the solid generated
by the area 8pEC (750) about the axis 8p. Hence 140000 =
750 = 186% the circumference or path described by the centre
of gravity 1 about op ; consequently 1862 x 2. = 29'7 =
oX, the radius of that circle. Hence oc — ox = 45 — 297
=L e L

Again, the content of the cylinder generated by the rota-
tion of the 1'('(‘.t:mt:[|r oBEC, about the axis oc, 1s 40D* X e
x oc; and the content of the semisphere, as above, is 4oz
X % % 3oc ; therefore the difference of these two (on* —
$0B%) X 4% X oc, gives (52F — %.45%) X 3* X 45 = 1354
X 5 X 90 = 191494, for the content of the solid generated
by the area EpEc (750) about the axis oc. Hence 191494

= 750 = 9:

o

55325 the circumference or path deseribed by
the centre of gravity 1 about oc; conseq. 255°325 x 7. =

40'6 = 1K, the radius of that circle. Lastly, the st theorem
JKC.CF . 2a 153 x 20 x 1500 510000

———— gives y/— - =
Y 1K . EF g e 406 x 72 Y 3248

12 feet = rg, for the required thickness of the pier ; but
which is probably below the truth, and perhaps below what
a practical engineer would fully trust to.

It may be added, that the method of determining the place
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of the centre of gravity 1, bybalancing the figure BpEC, gave,
within a small fraction, the same values of the two lines 1K,
KC, viz, 40 4+, and 15 4, which were above calculated to
be 40°6 and 15°8.
Secondly, to apply

our example to the

2d theorem, LEF, FG*
1Q_. GP

= - . a, the

same methods of de-

termining the posi-

tion of the centre of
gravity 1 may be em-

ployed. If the me-
chanical method of balancing and measurement on a scale be
used, we may then measure, not only the lines 1x, 0k,xc, but
all the other linés also depending on it, as o1, OR, TI, TR, TE,
Kaq, 1a, &c, excepting only such lines as depend on the un-
known breadth rg of the pier. But, instead of that, we shall
calculate the accurate value of all the lines wanted by strict
mathematical principles, as follows. In the example are given

0B =0 = DE=—45, ODI=CE == 32, Cl= 20 Rr =g 2
and _]m‘-t above we have found 1)_\' caleulation ok = 29:7, K¢

= 153, 1K = 406, and the area BpEc or & = 750 ; and we

have to compute 1@ and er. Now or = 4/(0K® 4 1K) =
A7 (29:7* +- 40'6%) = 503 then b}' similar trl:mgln:j 0l : OK
LOOTE IR 2 819

Again, to get an expression for ep, put the required
thickness of the pier Em or r¢ = z; then, because by
similar triangles, IK ¢ OK :: oD : DR = $8:04,
and 1K : 10 : : 0D : OR = 64'42, hience orR — 01 = 14°12 = 1R,

andOK : 01 : ¢ IR : TR = 2391, also DE — DR = 696 = RE,

hence TR + RE = 30'87 = TE, and T = TE + EH =TE+} 2,
then IK : OK :: TH : HV = 2258 + 0*1415z3,

and cu HY = GV = 49:42— 7315z,

Jastly o1 : 1K 1: GV : GP = 89-89 — *5904z.

These values peine now sabstituted in the 2d theorem 1
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2 2. GP . ‘ S Bt 2 P
FG' = ———. @, glve 862° = 17664'9—261'53, orz" - ['202
1K

= 49069 ; the root of which quadratic equation gives 2 =
18:82 = EH or ¥G, the thickness of the pier sought.

It may be presumed that this theorem brings out the thick-
ness of the piers very near the truth, and very near what
would be allowed in practice by the best practical engineers,
as may be gathered from a comparison of the two cases of
Westminster and Blackfriars bridges, in the former of which
the centre arch is a semicircle of 776 feet span, and 17 feet
thickness of piers,and in the latter it is a semiellipse, of 100
feet span, 40 feet in height, and 19 feet thickness of piers.

EXAMPLE 2.

Suppose the span to be 100 feet, the height 40 feet, the
thickness at top 6 feet, and the height of the pier to the
springer 20 feet, as before.

Here the figure either is, or may be considered as, a scheme
arch, or the segment of a circle, in which the versed sine oB is
=40, and the right sinec 04 or oc = 50 ; also bB = 6, cF =
20, and EF = 66. Now, by the nature of the circle, whose
centre is w, the ra-
dius ws or we =
oB*+4o0c> 40*+50%

208 80
= 51%; hence ow
= 511 — 40 = 11%;
and the avea of the
semisegnent OBC is
found to be 1491;
which being taken from the rectangle opEc = op X oc =
50 x 46 = 2300, there remains 809 = a, the arca of the

space BDECB. Hence, by the method of balancing this space,
and measuring the lines, there will be found, xc = 18, 1x
= 346,1x =42, Kx =24, 0Xx = 8,102 = 19

and TH = $§'6 + 2, putting z = EH, the breadth of the pier,

TR = 8516,

YOL, I. G
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o

as before. Then 1x : kKx ;: TH : ay = 247 4 0z;

hence g — BY = 418 — 0'72 = @V, and IX ; 1K :: 6V :

Gp = 34:02 — 0°58z. 'These values being now substituted
., IQ.GP.a

in the theorem LEF . FG* = —————, oive 332 = 15431447
1K ;

3:09z, or &= + 8z = 46762, the root of which quadra-
tic equation gives = = 18 = En or rc the breadth of the
pier, and which it may be preswmed is sufficicntly near the
l.'n['l;_

These two cases it may be expeeted are sufficient to ex-
emplify this method of determining the proper dimension of
the piers ; a method, the propriety of which is thus confirmed
by conclusicns that are so conformable to the practice of the
best engineers. In all cases it appears to be the easiest
course, and sufficiently correct, to construct accurately the
semiareh and superstructure above it ; then find its centre of
vity by the method of balaneing it 1o two positions per-

'Ta

[3

pendicular to each other, viz. in lines parallel and perpendi-

cular to the base ac; next through that centre 1 draw a line
1w perpendicular to the curve of the arcly, or in the direction
of the arch joints there, and meeting the base line in the point
X ; next, 1_.!L:'u'.|;‘-__‘h 1 draw Tve perpendicular to 1x, and 1K
perpendicular to ac, and xka perpendicular to vp. Then
measure by the scale as many of these lines as are necessary
in the intended caleulation, and as are used in working the
2d example above, viz. the lines 1K, KX, TE, 1, and compute
the area BpEC = @, which may be sufliciently done in a me-
chanical manner, and to an approximate degree, whatever
may be the figure of the eurve, and shape of that area. After
this, continue to complete the rest of the calculation asin the

=xample aboyve.
I




SECTION 1V,
THE FORCE AND FALL OF THE WATER, &c.

PROP. XV.

To determane the Form of the Ends of a Pier, so as to make
the Least Resistance, or be the Least subject, to the Force of
the Stream of Water.

Lzt the following figure represent a horizontal section of
the pier, AB its breadth, cp the given length or projection
of the end, and apsp the line required, whether right or
carved; also let EF represent the force of a particle of water
acting on AD at the point F, in the direction parallel to the
axis cp ; produce EF to meet AB in ¢, and draw the tangent
FH ; also dvaw en perpendicular to ru, HI perpendicular to
Er, and Fx perpendicular to pc.

Now the absolute force gF of the particle of water may be
resolved into the two forces £, HF, and in those directions:
of these, the latter one, acting parallel to the face at g, is of
no effect; and the former £n is resolved into the two 1, TH
so that Er is the only efficacious force of the particle to move
the pier in the direction of its axis or length: That is, the
absolute force is to the efficacious foree, as &r is to er. Then,
since EF is the diameter of a semicircle passing through =,
by the nature of the circle it will be, as EF : ET : L EF : BH® ;¢
{by similar triangles) a5’ : 5t and : : the square of the fluxion

G 2
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of the curve or line : the square of the fluxion of the ordinate
¥k, because ur, m1 are parallel to the line and ordinate.

Therefore, putting the abscissa pr = @, the ordinate KF

= y, and the line pr = z, it will be, as 2% : j* :: 1 (the force

— = the force of the particle at ¥ to move the pier

in the dircction ErG.  But the number of particles striking

1e indefinitely small part of the line, is asy; this

: . i : o o
drawn into the above found force of each, we have: = ——=
z ¥+
for the fluxion of the force, or the force acting against the

small part z' of the li
But, by the proposition, the whole force on pra must be

a2 minimum, or the fluent of ————must be a minimum, when

X =

that of = becomes equal to the constant quantity pej in which

xy3

case it is known that — - must be always equal to some

¢; and hence #® = ¢ x (¥ 4

constant quantity
7\:“\"._ i]] L}:I,H rw]l{ht].,ik'lll: it

is evident that # is to 7 in a con-
stant ratio: but when two fluxions are always in a constant
ratio, their fluents v, 7, it is known, are also in a constant

q

ratio, which is the property of a right lme. Therefore pra

[ S ]

Isar

rht line, and the end Apg of the pier must be a right-
Jined triangle, that the force of the water upon it may be the

1645 PO ssible

PROP, XVYI.

To determine the Quantily of the Resistance of the LEnd of @
Pier against the Stream of Waier.

Ustxe here the same figure and notation as in the last
proposition, by the same it is found, that the fluxion of the

3

. el 3 T J X

force ol the stream ‘.t‘-,;.‘t‘-.n\'.i the tace DY, 5 =3 =5 and since
: 4

the fluxion of the force against the base is 7, it follows, that
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3 . 4 1 1 3 ] P s
the force of the stream against the base an, is to the fore

ElE"'Z'.II[lht the face Ape, as (‘U} the fluent of 7, i1s to the fluent

—.  That is, the absolute force of the stream, is to th

X —[-J
efficacious force against the face of the pier, as its breadth is

to double the fluent of n i 1s equal to half the

breadth.

Corollary 1.—If the face ApB be rectili

Putting Dc = 4, AC = b, and AD = 4/(aa + bb) =

then, as @ : 0 :: @ : y by similar triangles; hence ¥ =

ay ; ay : : YE]

~~ and # = —-; this being written for it in the eceneral

b b 2 t
7s

: . o TR

expression above, 1t becomes - = ——, for the fluxion

[ M &
' h [ Neped bby . i }
of the force on Ap; the fluent of which, or —=, is the foree
(A

itself. (Zma_-.n-..,'[11t1|1!.'1I\' the force on the flat base Ap, is to that

: bby :
on the triangular end Apz, as yto —p Orasco to &b, that is,
as AD® to AC™.

And if ac be equal to cp, or Ape a right angle, which is
generally the case, then Ap* = 2ac?®, and the force on the
base will be to that on the face, as 2to I. Moreover, asthe
force on Apm, when ADE is a right angle, is only half of the
absolute force, so it 1s evident that the force will be more
than one-half when App is greater than a right angle, and
Jess when it is less ; and also, that the longer ap is, the less

the force is, it being always inversely as the square of an.

o

Corollary 2.—If ApE be a semicircle,

The radius Ac = ¢p = @ : then 2ur — v = YU, OF & =

-t,l"l' .I'.'
= — A hence — — becomes
(Vv aa-—yy) T R

a-—=/(aa—1y), ard
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aa— 1 ¥ 3 oy . QA — Yy
—JY « 3, the fluent of which is Yy
i ada

x %3 and there-

fore the force on the base is to the force on the cireular end,
\ aa—-yy
as iy 1s to Pk 4, orasaa to aa — -}_s/fy, or as 3aa to

3aa — yy. And when ¥ = a = Ac, the proportion becomes
that of 3 to 2. So that, only one-third of the absoiute foree
is taken off by muking the end a semicircle.

Corollary 3.—Wlien the face ADE is a parabola,

Then, the notation being as before, viz, pc = 4, and ac
Tk ayy . 2auy
= r“}, itisa: @ 22 bb:ayy; hencewr = =~ and % = - e A
bb bb 2
which being written in the general expression, the fluent of
2 L ; L b
it becomes the circular arc whose radius is — and tangent v,
A A ' e
bb Jey 20y
. A R o T T ¥ : . . i |
or = s arc whose radius i1s 1 and tangent —;~; sothat
2a i hb

the absolute force is to the force on the parabolic end, as

_ ! e on !
is to the arc whose tangent is ¢ and radius e’ that 1s, as the

tangent of an are is to the arc itself, the radius being to the
2ay ay

A6 1 i ne O i " % Il e SR
tangent, as 1 to -5, or as 2 to . And when y = b, the ra-

0 b
nt to radius, is that of 2 to —; or that of 2

tio of the tano
5 a

to 1 when pe = ca. In which case, the whole force is to
the force on the parabolic end, as the tangent, which is
double the radius, is to the corresponding arc;that is, as the
tungent of 63° 26’ 4" to the arc of the sauie, or as2 to 1°10714;
which is a less force than on the circle, but greater than on
Il

: e :
the triancie.  And so on for other curves; in which 1t wi

be found, that the nearer they approach to richt lines, the
less the force will be, and that it 1s least of all in the Tl'i-‘[]‘;j";'t"
in which it is one-half of the whole absolute force when right-
angled,

e al
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It must be noted, however, that in determini
form of the end of the l)il‘;' to be a ri

_lined triangle

water is supposed to strike every part of it with the

velocity : had the variably increased velocity been used, the
form of the ends would come out a little curved ; but as

increase of the velocity in the best bridees is very small,

difference in them is quite imperceptible
PROP. XVII.
Ty deternmine the Fall of the Water in the Arches.

Havixg, in the foregoing p;'npmlfm'ﬁ treated of the re-
sistance made by the piers to the current of water, it will now
be proper to conte mplate the effects of that resistance, and of
the contraction of the passage they produce in the water-

way. These effects are, a fall, or sudden stee p descent, and

an increase of velocity in the stream of water, just under the

1
arches, more or less in proportion to the quantity of the ”]J'
struction ; Luu'= somewhat observable at the place all
bridges, even \\]:iuo the arches are very large and the piers

wmdll }\ut in a hieh and extraordinary degree at London

bridge, and some others, where the piers, aud the sterlings,

are so very large, in proportion to the arehes. Now, 1n an

open canal or river, an equal quantity of water passing in

every part, in the same time, if in any part the passage be

narrewer, there, the bottom continuing the same, the velo-
city of the stream must be so much the greater, and a corre-
ﬁ]mnd\ nt rise in the surface must al lso take phu €y lf:pmt' 1CE

that increased celerity. Similar effects also occur In a river
when any obstac lu, as the piers of a bridge, are p slaced in
the way of a stream, This is resisted and obstructed by the
piers; of course the water rises against them, and conse-
qucnth the stream from thence r]\_\{ ends the more rapidly.
And this is the case, not only in such canals or rivers where
the stream runs always the same way, but in tide rivers also,

both upward and downward. During the time of flood, when
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the tide 1s flowing upward, the rise of the water is against
the under side of the piers; but the difference between the
two sides gradually diminishes as the tide flows less rapidly
towards the conclusion of the flood. YWhen this has attained
its full height, and there is no longer any current, but a still-
ness prevails in the water for a short time, the surface assumes
an equal level, both above and below bridge. But, as soon
as the tide begins to ebb again, the resistauce of the piers
against the stream, and the contraction of the water-way,
cause a rise of the surface above and under the avches, with
a fall and a more rapid descent in the contracted stream just
below. The quantity of this rise, and of the consequent ve-

locity below, keep both gradually increasing, as the tide con-

tinues ebbine

SP

till at quite low water, when the stream or

, the fall below the arches

natural eurrent beine the ¢|:!ic]u-=

15 the greatest. And it is the quantity of this fall which it is
the object of this problem to determine.

Now, the motion of free running water is the consequence

of, and produced by the force of gravity, as well as that of

> other falling bedy, Hence the height due to the velo-

that is, the height to be freely fallen by any body to
acquire the observed velocity of the natural siream, in the

1 4] ] A 1 Y,
r a little above the bridee, becomes known. From the

same velocity also will be found that of the increased stream
in the narrowed way of the arches, by taking it in the reci-
procal proportion of the breadth of the river above, to the

ted way in the arches; viz. by saying, as the latter is

s the first velocity, or slewer motion, to the

to the former,

quicker, Next, from this last velocity, will be found the

height due to it as before, that is, the height to be freely

fallen through by gravity, to produce it. Then the differ-

ence of these two heichts, thus frecly fallen by gravity, to

produce the two veloeities, 1s the required quantity of the

ter-fall in the arches

; allowing however, in the calenla-

tion, for the contraction of the stream, in the narrowed pas-

‘e, at the rate as observed by Sir I. Newton. Such then

are the elements and principles on which the solution of the

e —
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problem is to be made out ; and which it is now easy for any
one to perform.

But, as it may be desirable to exhibit the manner of the

solution of this curious problem, by some former noted au-
thors, in this instance 1 shall give the solution from some ma-
nuscripts that have now been many years in my |;:=.~.~t.‘:|5i11111
viz, one solution by the celebrated ‘Wm. Jones, Esq. the
friend of Sir I. Newton, and father of the late Sir Wm. Jones;
which is in Mr. Jones’s own hand writing, and which I had
from the late Mr. John Robertson, many years clerk and li-
brarian to the Royal Society, who had the paper from Mr,
Jones himself. Another solution is by the same Mr. Robert-
son himself, from a paper found among a great number of
other manuseripts which I purchased at the sale of his books,
after hisdeath in the year 1776 ; and among which papers there
are also other solutions that have never been published, The
solutions here inserted, ave given in the same words and pe-
culiar manner as in those authors, in order to show their dif-
ferent forms and modes of stating and working. And first
the solution by Mr. Jones, done in his usual manner, which
was always remarkably concise, neat, and accurate.

The Solution of Wan. Jones, Esq.

¢ Lemma. In a chanel, whose stream runs with such an
uniform velocity, in any given time, as is acquired by falling
from a certain hight (4); if an obstacle should contract the
passage of the water, in any place, the water above the ob-
stacle will rise to such a hight (&) as to acquire a velocity
that will discharee the stream as it comes; but will oceasion
a fall at the obstacle: and the difference (11 — /) between

these s the measure of that fall.

lights

“1In a chanel of running water, whose breadth (4 feet),
and the velocity of its stream (v feet in 17), being given: To
determine the quantity of the full, occasioned by an obstacle
that takes up p feet of the breadth of the =hanel,

‘¢ Let the hight fallen (near the surface of the earth) in 1”
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. * i 8 % . ~ .
of time, be (@ teet); and the contraction of streams, in the

water-way, beas #to 1. Put ¢ = -—; d = rec: Then
5 b—p
gt it e TSl SRRy ¥ 1 .
the quantity of the fall s @—1 x w9 X I reet.
+ ¢4
h—nm :
¢ For, the water-way takes up w (- —— ) part of the breadth
. i e L

1

of the chanel. But streams are found to be contracted in

the water-way, in the proportion of » to 1. Therefore the
water-way contracted will be (— = )

r re

(= m). . But the

current above the obstacle moves @ feet in 17 of time; and

(4

the velocities of water through different passages, of the same
hight, are as the reciprocals of the breadth of those passages.

Therefore the current, in the true water-way, must move

0 1 . : i s
(—=—v =) nvicet in 1” of time.
nm

¢ Now, since (a) feet is the hight fallen in 1” of time to
‘.L(‘.flrt-l‘.‘v. a \'a:]-'lt,':.t}' to move 'IIHII[.GI'!]',[\' the I'.'I!_;‘_i'-ll 24 In that

time: Let 2 and 2z feet be the his

hts fallen to acquire a ve-

H Ty .1 > % 1 4
]m‘lt_\-‘ to move umformly the lenoths » and ne feet in 17 of

time: and because hights fallen are as the squares of their

—,
ol o . Qat= a a x
velocities; therefore — = —, consequently
vo Y - L v
vy . Ny e : % ; y AR o
¥ = —, anu z = ——, That is, is the hight of
L da '

water necessary to produce, in the chanel, a current that
Jies e e e AT T ) ?

moves @ feet in 1" of time. And - feet, is the hight of
1 3

water necessary to produce, in the w

ater-way, a current that

moves znv in that time, Then the difference nn — 1 %

Vil
A5 1.1 4 = T . ] 1
of these hights, is the fall in fect, Butn = (— = ) e,
? y ‘m ¢
1 "'\‘-"'\A-- - A% g4 e - ~ Rt I . i - ¥ T
gherefore nn = 1rec. = d per supposition. Therefore ¢ —)

< #v X — feet, is the quantity of the fall. @. . p
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e e 3 1
ience, putting A = f,‘l A S P T R O s v et
i 1

> = L.d: Then L.d—1 4 2L.» + A = Log. of the
quantity of the fall, in feet*,

“ Now, if the length of a pendum vibrating seconds, is
59+126 il:(;}w.-a, then will ¢ = 160899 {'m‘t'; :Lml, :u‘('m‘ditig to
Newton, 7 = 3§: consequently A ='2,1015861; and B =
0.0757207.”

Such is the solution of this problem as given by Mr. Jones.
And as there is contained in the same paper with this, a short
solution of another kindred problem, it is here inserted, as
follows.

¢ The length, p inches, of a pendulum that performs one
vibration in 1" of time, at a given place, being known ; the

altitude (@) fallen from, in 1" of time, will be prw inches,

or 5L prr feet, at that place,

: time of 17 T T mnd
5 (e =S ) = S therefore
‘time 10 Lp ¢ d 1
TT a ce T
Z=)f=(m=)%
et =] dd 1
¢ Consequently @ = Lpwr inches = X prr fect,

¢ And putting ¥ = (L.,5 77 — 2L.¢ — L.24 = 1.6140885 ;
then L.a = L.p + N.”
Proceed we now to Mr. Robertson’s solution of the pro-

blem, which is on the principles, but more in detai

3 t{'u'l n

Mr. Jones’s. This solution was published by Mr. R. in the
Philos. Trans. vol. 50, or in my new Abridgement, vol. 13,
from which 1t is chiefly here extracted.

M. John Robertson’s Solution of the Problem.

¢¢ Sometinie before the year 1740, the problem about the
fall of water, occasioned by bridges built across a river, was

#* This is the theorem, adapted to working by logarithms, given
by Mr. Jones to Mr. Gardiner, and printed in p. 12 of bis Logarithms
in 4to; the latter L denoting logarithm, in the theorem,




ACT I:

much spoken of at London, on account of the fall that was

uld be at new bridge to be built at West-

minster.  In My T

the 1‘!"3';!'!\'":' 3 !

awksmoor’s and Mr. Labelye’s pamphlets,
| in 1736, and the latter in 1739, the

¢’s computations was aiven: but neither

result of Mr.
:

the ijl'ub'lumJ nor any rules, were at that

the investication of

time publist

the year 1742 was pub Gardiner’s edition of

]

aer

c T
$=iin

71 s e T . St g i St
‘ |f.lL't1 51 ;I.'-l,. 54 10 which, among tie \_‘..‘x'.'_lll‘i)l,t':-'l [ PIL'IL'\L.(],

to show some of the uses of those tables, drawn up by the late

Wm. Jones, esq. there are two examples, one showing how
to compute the fall of water at London-bridge, and the other
applied to Westminster-bridge : but that excellent mathe-
tion, by which those examples were

matician’s investig

ht, was not printed, though he communicated copies

Wrok

of it to several of his friends. Since that time, it seems as if
the problem had in general been forgotten, as it has not made
its appearance, to my knowledge, in any of the subsequent
As it is a problem somewhat curious, though

its solution not generally known, (h

aving

nt solutions, one of them very imperfect,

. private books of an office in one of the

thoucht 1t 1
* PRINCIPLES.
‘¢ 1A dy in the first second of time has

has acquired such a velogity, that,

vill in the next second of time

s run through by falling bodies are propor-

2 ds 15”" ‘I’lil:ll"_“\' lll‘ Illt_':!l‘ L'I_‘;'. or {iL'l:]l:l‘.'('!]_

two principles are demonstrated by t

ater forced out of a larger chanel, throngh one er
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more smaller passages, will have the streams th
passages coutracted in the ratio of 25 to 21.— shown

in the 86th prob. of the 2d book of Newton’s Principia.

¥ 4. In any stream of water, the velocity 1s such, as would
be acquired by the fall of a body from a height above the
surface of that stream.—This is evident from the nature of
motiont,

< 5. The velocities of water through different pas:

of the same height, are reciprocally proportional to their
breadths.—For, at some time, the water must be delivered
as fast as it comes; otherwise the bounds would be over-
fowed. At that time, the same quantity, which in any time
fiows through a section in the open 1el, is delivered in
equal time through the narrower passages; or the momentum

in the parrow passages must be equal to the momentum in
the open chanel; or the rectangle under the section of the

narrow i'}i.l..‘iﬁ

aes, by their mean velocity, must be equal

the rectanele under the section of the open chi

velocity. Therefore the velocity in the open

veloeity in the narrower pass:

sages 1s to the section of the open chanel,

in both sections ]1(511::3' r-rlkl.l;.i]._, the sections are di

breadths. C(al'::,t:tluu‘m]_\.' the velocities are reciproc:
breadths.

¢t 6. In a running stream, the water al
put therein, will risc

» to such a height, that by

stream may be disch:

hody of water, which flowed in the

nust pa
Tos h the nassaces made by the oy 1
through the passages made by the : the n
rower the pa the swifter will be : velocity of th
water ;: but the r the velecity of th he oy 3
e Pl e o Al B, A S FH LT, A
15 the height, from wiich it has descended: cousequently t
: | 7t
bstacles, which con 1] Banal g
obstacles, which €O t the ¢hanel, C: ( he water to 1
st th i will when 'th (
o e Y S ¥ } 1
run ol as fastas 1t comes ; and t happe 0. b
the fall between the obstacles, the water will aequire a velo-
'Lln\"-- 1N a recly L f WAOTL & 1t L ppen chat :
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the breadth of the open chanel is to the breadth of the nar-
TOW DASSAgEes.

The quantity of the fall, cansed by an obstacle in a
running stream, is measured by the difference between thn
heights fallen from, to acquire the velocities in the narrow
IJ:.l.

sages and open chanel.—For, just above the fall the velo-
city of

the stream is such, as would be acquired by a body

g from a height hig

ier than the surface of the ywater:

and at the fall, the velocity of the stream is such, as would
be acquired by the fall of a heavy body from a height more
elevated than the top of the falling

stream; 211][1 COnse« [111'1!‘!}'

the real fall is less than this height. Now as the stream comes
to the fall with a velocity belonging to a fall above its sur-

fice ; conseq 11[';1* y the height belonging to the velocity at

the fall, must be l_|;1;31!‘.l:]|L‘L| b) the Ill_']_‘_‘"|'.2 '-.1;']:1!19.5'.1‘_:’ to the

velocity with which the stream arrives at the fall.

¢ PROBLEM.

“In a chanel of running water, whose breadth is con-
tracted by one or more obstacles; the breadth of the chanel,
the mean velocity of the whole stream, and the breadth of
the water-way between the obstacles, being given; to find
the quantity of the fall occasioned by those obstacles.

“ Let & = breadth of the chanel in feet;

:
Il

mean velocity of the water in feet per second 3
¢ = breadth of the water-way between the obstacles.

Now 25«21 2:.¢ ¢ 21e, the water-way contracted, by prin. 3,
; 250 !
T P o ey v I ok o e s Fay H i \
And F=C 20 13 0 31 Lt’ the veloe, in the contr. w ay, prin. 5. i

Also (2a)*: v i@ - 7l , height fallen to gain the vel.», 1and 2,

250 ., 250 L
And (2a): lwlc";y R (I)I-E)Z XKoo , ditto for the velo-
! 256 A
City Ziovs by prine. 1 and 2.
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o5h wo WY 1

Then —— % — — — is the measure of the fall required, prin, 7.
21¢ 3 dia 4a L i

i is a rule for computing the fall,

Here a = 16,0899 feet; and 4a = 64,3596,

“ gxamrLe 1. For London-Bridge.

“ By the observations made by Mr, Labelye in 1746,

The breadth of the Thames at London-bridge is 926 feet;
Sum of water-ways at the time of low water is 236 feet;
Mean veloc. of stream just above bridge is 3% f. per sec.
Under almost all the arches there are great numbers of drip-
shot piles, or piles driven into the bed of the water-way, to
prevent it from being washed away by the fall. These drip-
shot piles considerably contract the water-ways, at least X of
their measured breadth, or about 39% feet in the whole, So

that the water-way will be reduced to 1963 feet.

¢ Now b = 926; ¢

%5 4 = 6 1,9596,

2 250 . : :
Then — = its square — 51.4196 :
21¢ ‘ «
s ez ot ARgshN
And 31,4196 — 1 = 30,4196 = ()" — |;
o B

19 261 o] 361 : e
Alsovy = (=== —=; And -—=———7—=0,15581.

o 30 At % 64,3596

Then 20,4196 x 0,15581 = 4,75¢
full :'t-rin'lru_i_
¢ By the most exact observations made about the wear

1=

1736. the measure of the fall was 4 feet 9 incl

1CS.

¢ pxaMPLE 2. Lor Westnunster-Bridge.

““ Though the breadth of tl

: river at Westminster-bridee

is 1220 feet; yet, at the time of the greatest fall, there is

water through only the 13 large arches, which amount to

890 feet : to whichadding the breadth of the 12 intermediate

pa 004

piers, equal to 174 feet, ol for the breadth of the river
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at that time ; and the velocity of the water just above the
bridge, from many experiments, is not greater than 23 fect
per second.

¢« Here b = 9943 ¢ = 820; v = 2% ; 4a = 64,3596.

_ o5b 9155" ;
Now - = ——— = 1,443; and its square = 2,082;
‘_ilt' 1722 2
25h
Hence 2,082 — 1 = 1,082 = (—)* — 1.
2l¢
A it vy Sl
Also oo = (2) = 353 ant ———————— = 0,0786.
& 125 40 16 x 64,8596 2

Then 1,082 x 0,0786 = 0,034 f, = 1 inch, the fall required ;
and is about half an inch more than the greatest fall observed
by Mr. Labelye.”

Among the old papers of Mr. Robertson I find several other
solutions of the same problem, by different persons, and on
somewhat different principles. Several of the papers also,
ate to other Immthw

which are of a miscellaneous nature, re

of the subject of bridges ; some of which, being curious, I
shall avail myself of, by insertion in the appendix to this
The following table show s, at one view, the quantity

Tract.—
of fall in the water under the arches, in consequence of its

obstruction and contraction by the piers, according to seve-
ral rates of velocity and quantity of obstacles ; as cL-mpuLcd

on the foregoing prim'ipiw.
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SECTION V.
OF THE TERMS OR NAMES OF THE VARIOUS PARTS PECU-
LIAR TO A BRIDGE, AND THE MACHINES,; &c, USED

ABOUT 1T ; DISPOSED IN ALPHABETICAL ORDER.

ApuTMENT, of BurmeENT, which see in its place helow.

throuoh or under which

: : ] .
ARcH, an opening of a br

Y!L'." water .'.'l](l vessels 'l

5 or by butments. Arches

, and which is nsaally supported

are denominated circular,

catenarian, &ec, according to the figure

by pie

elliptical, cycloidal,

of the curve of them. There are also other denominations

of circular arches, according to the different parts of a cir-

cle: So, a semicircular arch, is half the circle ; a scheme or

skeen arch, is a segment less than the semicirele ; and arches

of the third and fourth point, or gothic arches, consist of

two circular arcs, excentric and meeting in an angle at top,

each being 1-3d or , &e, of the whole circle.

The chief properties of the most considerable arches, with
regard to the extrados they require, &c, may be learned
from the second section. It there appears, that none, but
the arch of equilibration in the 2d example to prop. 5, can
idmit of a horizontal line at top: that this arch is not only

of a graceful, but of a convenient form, as it may be made

ier or lower at pleasure with the same opeuning: that,
with a horizontal top, it can be equally strong in all its parts,
and therefore ought to be used in all works of much conse-
quence, All the other arches require tops that are curved,
either upward or downward, some more and some Jess. Of

1ese, the elliptical, or the cycloidal arch, seems to be the

fittest to be substituted instead of the balanced one, with the

le: legree of impropriety: it is in general also the best

t brigdges, as 1L, Ci

made of any height to

» span, or of any span to the same height, while at

e time its flanks are su

:‘.it:m'])' elevated above the
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vater, even when it is pretty flat at top; a property ot
which the other curves are not possessed in an equal deorec:
and this property is the more valuable, because it is remarked
that, after any arch is built, and the centering struck, it sct-
tles more about the hanches than the other parts, by which
other ¢
Elliptic

require less materials and labour than the others. Of the

irves are reduced near to a straight line at the flanks

arches also look bolder, are really st ronger, and

other curves, the eyeloidal arch is next in quality to the

elliptical one, for all the above properties. And, lastly, the

circle. As to the others, the parabola, h\'irt‘!‘lml:e, and ca-
tenary, they may not at all be admitted in bridees of several
arches; but may in some cases be used for a bridee of one

single arch, which is to vise very high, because then not

much loaded at the flanks. We mav hence also perceive

ich assert, that because the

the fallacy of those argumen

catenarian curve supports itself equally in all its parts, it

will therefore b

support any additional weight laid upon
it: for the additional building made to raise the bridee to
a horizontal line, or nearly such, by pressing more in one

her, must foree those parts down, and the

part than ar

¢
whole must fall. W

lereas, other curves will not support
themselves at all, without some additional parts built above
them, to balance them, or to reduce their parts to an equi-
librium.

Arcuivovrr, the curve or line formed by the upper sides

of the voussoirs or arch stones. It is parallel to the intrados

or underside of the arch when the voussoirs are all of the

ad

; otherwise not. By the archivolt is also some-

same ¢

times understood the whole set of voussoirs,

Baxaver, the raised foot 1;;”[1 at the sides of the }.rl‘itig‘i‘
next the parapet, This ought to be allowed in all bridges
of any considerable size: it should be raised about a foot
above the middle or horse passage, being made 8, 4, 5, 6, 7,
&e, feet broad, ;:c_'t‘ru'dilz;‘; to the size of the |1I'if]f-'.'{'; and

e stones, of a lenoth equal to the breadth of
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yATTARDEAU, of COFFER-DAM, a case of pibng, &e, with-
out a bottom, fixed in the bed of the river, water-tight ox

enough to build the pier on. When it is fixed, its sides

nearly so, by which to lay the bottom dry for a space large

reaching above the level of the water, the water is pumped
out of it, or drawn ofl by engines, ¢ill the included space be
Jaid dry; and it is kept so, by the same means, if there are
Jeaks which cannot be stopped, till the pier is built up in it;
and then the materials of it are drawn up again.

Battardeaux are made in various manners, either by a sin-
gle inclosure, or by a double one, with clay or chalk rammed
in between the two, to prevent the water from coming
through the sides. And these inclosures are also made,
either with piles only, driven close by one another, and
sometimes notched or dove-tailed into each othery or with
piles, grooved in the sides, and driven in at a distance from
one another, with boards let down between them in the
OrOoves.

The method of building 1n battardeaux canvot well be
used where the river is either deep or rapid. It also re-

for, though the sides be made water-tight, if the bottom or
bed of the river be of a loose consistence, the water will

quires a very good natural bottom of solid earth or clay:

ooze up through it, in too great abundance to be evacnated
by the engines. It is almost needless to remark, that the
sides must be made very strong, and well propt or braced
on the inside, to prevent the ambient water {from pressing
the sides in, and forcing its way into the battardeaux.
BripGE, 2 work of carpentry, masonry, or iron, built over
a river, canal, &c, for the conveniency of crossing the same.
A bridge is an edifice forming a way over a viver, &c, sup-

ported by one arch, or by several arches, and these again

supported by proper piers or butments. A stately bridg
over a large river, is one of the most noble and striking piec
of human art.. To behold huge and bold arches, composed
of an immense quantity of small materials, as stones, bricks,
&c, so disposed and united together, that they seem to form
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but one solid compact body, affording a safe passage for
men and carriages over large waters, which with their navi-
gation pass free and easy under them at the same time, is a
sight truly surprizing and affectine.

To the absolutely necessary parts of a bridge, already
mentioned, viz, the arches, piers, and abutments, may be
added the paving at top, the parapet wall, either with or
without a balustrade, &cs also the banquet, or raised foot
way, on each side, leaving a sufficient breadth in the middle
for horses and carriages. The breadth of a bri dge for a
great city should be such as to allow an easy passage for
three carri iwes and two horsemen a-breast in the middle
way, and for three foot passengers in the same manner on
each banquet. And for other less bridges, a less breadth,

As a bridge is made for a way or passage over a river, &c,
s0 it mmlnt to be made of such a height, as will be quite

convenient for that passage; but yet so as to be consistent
with the interest and concerns of the river itself, easily ad-
mitting through its arches the craft that navigate on it, and
all the water, even at hich tides and floods. The mn]u_t of
this precept has been the ruin of many bridges, and parti-
cuiarly that at \L-u castle, over the river T'yne, on the 17th
of November 1771. 8o that, in de termining its heieht, the
conveniences lmth of the passage over it, and under it,
should be considered, and the heicht made to answer the
best for them both, observing to make the convenient give

place to the necessary, when their interests are opposite

Bridges are generally placed in a direction perpendicn
to the stream in a direct line, to give free pitssage to the
water, &c. But some think they should be made, not in a
straight line, but convex towards the stream, the better to
resist floods, &c. And some such by

ges have been really

made.—Again, a bridge should not be made in too narrow a

part of a navigable river, or one subject to tides or floods -

because the breadth being still more contracted by the

will increase the depth, velocity, and fall of the water unde
3 gy

the arches, and endanger the whole bridse and navigation,
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IJ,‘ 'o_-."f.f].‘ni'."\_.

Bridges are usually made with an odd number

jat the mid-

as one, or three, or five, or seven, &c; either tl
dle of the stream or chief current may flow freely without
the interruption of a pier; or that the two halves of the
bridge, by gradually rising from the ends to the middle, may

there mect in the highest and largest arch; or else, for the

ke of grace, that by being open in the middle, the eye, in

\'il'\'\'lE .

o it, may look directly through there, as one always
expects to do in looking at it, and without which opening
we generally feel a disappointment in viewing it.

If the bridge be equally high throughout, the arches, being
all of a height, are made all of a size; which causes a great
saving of centring, If the bridge be higher in the middle
than at the ends, the arches are made to decrease from the
middle towards each end, but so, as that each half may have
the arches exactly alike, and that they decrease in span, pro-
portionally to their height, so as to be always the same kind
of figure, and similar parts of that figure: thus, if one'bea
semicircle, the rest should be semicircles also, but propor-
tionally less; if one be a segment of a cirele, the rest should
be similar segments of other cireles ; and so for other ficures.
The arches being equal at equal distances, on both sides of
the middle, is not only for the strength and beauty of the
bridee, but that the centring of the one half may serve for
thie other also. Dut if the bridee be higher at the ends than
the middle, which is a very uncommon case, the arches
]

oucht to increase in span and pitch from the middle towards

the ends.  When the middle and ends are of different heights,

their difference however onght not to be great in proportion
to the length, that the ascent may be easy; and then also it
is more beautiful to make the top one continued eurve, like
Blackfriars, than two inclined straight lines, from the ends
towards the middle, like that of Westminster bridge.

Brideoes should rather be of few and large arches, than of

many i

it for

1
small ones, if the height and situation will allow of
this will leave more free passage for the water and
ration, and be a oreat savin

o in materials and labour, as

be
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there will be fewer piers and centres, and the arches them

selves will require less materials. And, one large single arch
only is best, when it can be executed. For the fabric of a
bridge, and the proper estimate of the expence, &c, there
are generally necessary three plans, three sections, and an
elevation. The three plans, are so many horizontal sec-
tions, viz, the first a plan of the foundation under the piers,
with the particular circumstances attending it, whether of
gratings, planks, piles, &c: the second, is the plan of the
piers and arches, &c: the third, is the plan of the super-
structure, with the paved road and banquet. The three
sections, are vertical ones: the first of them a longitudinal
section, from end to end, and through the middle of the
breadth: the second, a transverse one, or across it, and
through the summit of an arch: and the third also across,
but taken on a pier. The elevation, is an orthographic pro-
jection of one side or face of the bridge, or its appearance
as viewed at a great distance, showing the exterior aspect
of the materials, and the manner in which they are worked
and decorated.—QOther observations are to be seen in the
first section.

BurmENTs, or ABUTMENTS, are the extremities of a
bridge, by which it joins to, or abuts on, the land or sides
of the river, &c. These must be made very secure, quite
immovable, and more than barely sufficient to resist the
drift of its adjacent arch. So that, if there are not rocks or
very solid banks to raise them against, they must be well
rginforced with proper walls or returns, &e. The thickness
of them, which will be barely sufficient to resist the shoot of
the arch, may be calculated as that of a pier by prop. x1.

When the foundation of a butment is raised ag

sloping bank of rock, gravel, or good solid earth, it will

wnst a

produce a saving of materials and labour, to carry the work

on by retarns at different heights against it, like steps of

stairs. And if the foundation, and all the courses, parallel

to it, be laid, not horizontal, but rising backwards, so as to

be perpendicular to the springing and pressure of the arch,
H 2
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it will be less yle to slide or be forced back by the push
] i

CarssoN, a kind of CragesT, or flat-bottomed boat, in which

a pier is built, then sunk to the bed of ‘the river, and the
sides loosened and taken off from the bottom, by a contri-
v : for that purpose; the bottom of it being left under
the pier as a foundation. It is evident therefore, that the

must be made verv strone, and fit for

The ca

: piers. on is kept afloat till the

pier be built to about the height of low-water mark; and,

that purpose, its sides must either be made of more than
that height at first, or else gradually raised to it as it sinks
by the weight of the work, so as always to keep its top
above watet. And therefore the sides must be made very
strong, and be kept asunder by cross timbers within, lest the
great pressure of the ambient water should erush the sides

. T
111, and so not ﬂ||]i' l‘l]dilli'r_; . the w u]'l{, but also drown the

men who work within it. The caisson is made of the shape
of the pier, but some feet wider on every side, to make room
for the men to work: the whole of the sides are of two

sicces, both joined to the bottom quite around, and to each
! 3 ; | s

other at the salient angles, so as to be disengaged from the
bottom, and from each other, when the pier is raised to the
desired hL‘iL‘;]ti, and sunk. It is also convenient to have a
small sluice made in the hottom, occasionally to open and
shut, to sink the caisson and pier sometimes by, before it be
finished, to wry if it bottom level and rightly; for, by open-

ing the sluice, the water will rush in and fill it to the height
of the exterior water, and the weight of the work already

buiit will sink it; then, by shutting the sluice, and pumping

out the water, it will be made to float again, and the rest of

the work may be completed: but it must not be sunk except

when the sides are high enough to reach above the surface

of the water, otherwise it cannot be raised and laid dry
again. Mr. Labelye says, that the caissons in which he
built some of the piers of Westminster bridge, contained
above 150 load of fr timber, of 40 cubic feet each,
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and was of more tonnage, or capacity, than a 40 gun ship

!]i‘ Wer,

CENTRES, and CENTRING, or CENTERING, are the timber
frames erected in the spaces of the arches, to turn them on,
by building on them the voussoirs of the arches. As the
centre serves as a foundation for the arch to be built on,
when the arch is completed, that foundation is struck from

under il, to make way for the water and n:

_.llil‘;:,_ .ijl'.l
then the arch will stand of itself from its curved ficure. A

centre must therefore be constructed of the exact fisure of
the intended arch, convex as the arch is concave, to receive
it on as a mould, If the form be civeular, the curve is struck

from a central point by a radius: if it be elliptical, it ought
to be struck with a doubled cord, passing over two pins or
nails fixed in the foci, us the mathematicians and gardeners

describe their ellipses. Very often, in practice, an oval is

employed, as made of three circular arcs. This very nearly
resembles the true geometrical ellipsis, being formed of two
equal ares of small circles at the extremities, havine between

them a longer arch of a much larger circle, the ends of these

arches being made to butt and join to each other, that they
seem like the same curve only continued. As this mecha-
nical oval will have nearly the same properties and eflect as
the true ellipsis, and can be more conveniently worked by
the builders, as it requires the voussoirs to be cut only to
two moulds, or for two centres, while those for the true
ellipsis have them all different, we shall add in this place
some of the most approved methods of deserib ng these ovals.
These methods indeed are, and must be, various, according
as the length or span is required to be more or less, in pro-
portion to the breadth or height. But in all of them, the
centres of the large and small arcs must be so taken, that the
right line passing through them, may also, when continueil,
pass through exactly the point where the ends of those
arches butt and join together; for by this means they will

have the same common tangent at that point, and conse-
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quently they will unite together, or run into cach other,

like parts of the same curve jn'mim‘-_‘f!,

FIRST METHOD.—[Vhen the Length and Breadth differ not
very much.

Divide the given length or span
AB into three equal parts, at the
pointsc and p. With one of those
parts, cp, as a radius, and from
the two centres ¢, D, describe two

1

. ; : :
circles, intersecting each other in

=]
the two points £ and r. Through these two points E, F,
and the two centres ¢, b, draw four lines Ece, EDH, FDI,
FCK, cutting the two circles in the four points G, H, 1, K.
Lastly, with one of these lines, as a radius, and from the two
centres E, F, describe the two arches 6u, X1, and they will
complete the oval, forming a figure so much resembling a
true ellipse, that the eye cannot perceive the difference be-
tween them. In this oval it is evident that the radius of
the larger cireular arch is just double of that of the smaller

arches.
SECOND METHOD.—ZFor a Nurrower Oval.

Divide the length or span aB
into four equal parts; then, with
one of those parts as a radius, and
from the three points of division,

¢, D, E, as centres, describe three

circles. Find the uppermost and

lowest points, F, G, of the middle circle; or through the
middle point D draw a perpendicular to AB, which will give
which will

the points F, G, or construct the square CGEF
g'ln'. the centres of the larger arch. 'l'En'nn;gjh these two
points ¥, @, and the two ¢, &, draw four lines ¥, FI, GK,
GL; with any one of which as a radius, and the two cen-
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tres F, G, describe the other two arcs HI, KL, to .;.1:1.1i|\:i'::

the oval ; which does not rise so high as the former.

THIRD METHOD.

Other ovals may be made to G
the same length, or any other Y1~ R Tl
length, but rising still less in the _
crown, in any degree whatever, <A G~ B I E
if, after having described the two

smaller or end circles from the

3 I

centres ¢ and E, as in the second

method, instead of forming the a
. = x

right angled triangles ccr, crE, i

these be deseribed with acute an-
gles at ¥ and ¢, by making the
equal lines cr, cc, EF, EG, longer

than before in any ratio at plea-

sure; these being then produced
to the little circles at the four
points H, 1, K, L, from the centres ¥, G, describe the other
two arches Hr and ki, to complete the ovals, narrower and
narrower at pleasure,

2

The little circles also at the ends, may have their radius
tuken smaller to any deoree, or a less portion of the whole
span; and indeed it is evident that its radius ought always
to be less than the pitch or height of the arch.

There are other methods of making such ovals, but those
above given are some of the best. The last method is gene-
ral too, and will serve to accommodate an oval to any length
and breadth whatever, at pleasure. Having thus deseribed
the half of such an oval to any span and pitch proposed, for
any arch of a bridge, &c, the whole of the voussoirs may be
cut by two mold boards only, viz, one for the voussoirs for
the arch A and 18, and the other for those in the arch nur.

But if the arch be of any other form, the several abscisses
and ordinates ought to be calculated ; then their correspond-
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ing lengths, transferred to the centring, will give so many
points of the curve, and exactly by these points bending
a bow of pliable matter, the curve may be drawn close
by 1t.

The centres are constructed of beams, &e, of timber,
firmly pinned and bound together, into one entire compact
frame, covered smooth at top with planks or boards to place

3 1 I
the voussoirs on, the whole supported by offsets in the sides

of the piers, and by piles driven into the bed of the river,

and capable of being raised and depressed by wedges, con-
trived for that purpose, and for taking them down when the
arch is completed. They ought also to be constructed of
a strength more than sufficient to bear the weight of the
arch.

In taking down the centring; it is first let down a little,
et
to rest a few hours, or days, to try if the arch make any ef-

all in a picee, by easing some of the wedees; it is there

forts to fall, or any joints open, or stones crush or crack,
&e, that the d:mm._-;_[c may be l'(,‘p;:in‘.d before the centring is
entirely removed, which is not to be done till the arch ceases
to make any visible efforts

In some bridges the centring makes a considerable part of
the expence, and therefore all means of saving in this article
ought to be closely attended to; such as making few arches,
and as nearly alike or similar as possible, that the centring of
one arch may serve for others, and at least that the same
centre may be used for each pair of equal arches, on both

sides of the middle,

Cuest, the same as CA1ssoN,

CoFFERDAM, the same as BATTERDEAU.

Drirr, Saoot, or TurusT, of an arch, 1s the push o1
force which it exerts in the direction of the length of the
bridge. This force arises from the perpendicular gravita-
tion or weight of the stones of the arch, which, being kept
from descending by the form of the arch and the resistance
of the piers, exert their force in a lateral direction. This

force is computed in prop. xr, where the thickness of the

'. -
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pier is determined which is necessary to resistit; and is the
greater as the pitch is lower, ceteris paribus.

ErevaTion, the orthographic projection of the front of a
bridge, on the vertical plane, parallel to its length, This is
necessary to shiow the form and dimensions of the arches, and
other parts, as to height and breadth, and therefore it has a
plain scale annexed to it, to measure the parts by. It also
shows the manner of working up and decorating the fronts of
the bridge,

EXTRrADOS, the exterior curvature or line of an arch. In
the propositions of the second section, it is the outer or upper
line of the wall above the arch ; but it often means only the
upper or exterior curve of the voussoirs.

FounpaTions, the bottoms of the piers, &c, or the bases
on which they are built. These bottoms are always to be
made with projections, greater or less according to the spaces
on which they are built. And according to the nature of the
ground, the depth and velocity of water, &c, the foundations
are laid, and the piers built, after different manners, either in
caissons, in batterdeanx, or on stilts with sterlings, &c; for
the particular methods of doing which, see each under its re-
spective term,

The most obviousand simple method of laying the founda-
tions, and raising the piers up to water-mark, is to turn the
river out of its course above the place of the bridge, into a
new channel, cut for it near the place where it makes an el-
bow or turn ; then the piers are built on dry ground, and the
water turned into its old course again, the new one being se-
curely banked up. This is certainly the best method, when
the new channel can be easily and conveniently made ; but
which however is very seldom the case,

Another method is, to lay only the space of each pier dry,
till it be built, by surrounding it with piles and planks driven
down into the bed of the river, so close together as to exclude
the water from coming in; then the water is pumped out of
the inclosed space, the pier built in it, and last ly the piles and
planks drawn up. This is cofferdam work; but it evidently
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cannot be practised when the bottom is of a loose consist-
ence, admitting the water to ooze and spring up through it.

When neither the whole nor part of the river can be easily
laid dry, as above, other methods are to be used ; such as, to
build either in caissons or on stilts, both which methods are

described under their proper words; or yet by another me-

thod, which hath, though seldom, been sometimes used, with-

g the bottom dry, and which is thus: the pier is

out Jaying
built upon strong rafts or gratings of timber, well bound to-
gether, and buoyed up on the surface of the water by strong
cables, fixed to other floats or machines, till the pier is built ;
the whole is then gently let down to the bottom, which must

But of these methods, that

be made level for the purpose.
of building in caissons is the best.
But before the pier can be built in any manner, the ground

at the bottom must be well secured, and made guite good and
safe, if it be not so naturally. 'The space must be bored into,
to try the consistence of the ground 5 and if a good bottom
of stone, or firm gravel, clay, &c, be met with, within a mo-
derate depth below the bed of the river, the loose sand, &c,
must be removed and digged out to it, and the foundation
or base of tim-

laid on the firm bottom, on a strong grating,
ber, made much broader every way than the pier, that there
may be the greater base to press on, to prevent its being sunk.
But if a solid bottom cannot be found at a convenient depth
to dig to, the space must then be driven full of strong piles,
the tops of which must be sawed off level, some feet below
the bed of the water, the sand having been previously digged
out for that purpose ; and then the foundation, on a grating
of timber, laid on their tops as before. Or, when the bottom
is not good, if it be made level, and a strong grating of tim-
ber, two, three, or four times as large as the base of the pier,
be made, it will form a good base to build on; its great size
in a great measure, preventing it from sinking. In driving
the piles, the method is, to begin at the middle, and proceed

outwards, all the way to the borders or margin: the reason

1e earth

ch is, that if the outer piles were driven first, t
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of the inner space would be thereby so jammed together, as
not to allow the inner piles to be driven at all. And besides
the piles immediately under the plers, it is also very prudent
to drive in a single, double, or triple row of them, around
and close to the fl‘Llll{’ of the foundation, cutting them off a
little above it, to secure it from slipping aside out of its place,
and to bind the ground under the pier the firmer. For, as

the .k..Ln.;\ of the whole bridee de [N_Hu% much on the founda-

tions, too much care cannot be used to hay ¢ the bottom made
tjll]l{ secure.

JETTEE, the border made around the stilts under a pier;
1).'i:|:_=" the

ame with STERLING.

Inposr, is the part of the pier on which the feet of the
arches stand, or from which they spring.

Kevsroxe, the middle voussoir, or the arch stone in the

. ! faa]
[ely over the centre of the arcin, I'he

a 1
cCrown, or nmel

' -;L‘II"- of the keystone, or thickness of the archivolt at top,

ved to be about 1-15th or 1-16th of the spau, by the

3"'t'[1:1rt(:1',»:_
OrrHOGRAPHY, the elevation of a bridge, or front view,
as seen at a great distance,

PArarew, the breast wall made on the top of a bridge, to

prevent passengers from falling over. In good
build the parapet only a little part of its height close or solid,
and on that a balustrade to above a man’s height, has an ¢le-
gant and useful effect,

Pirs, are the walls built for the support of the arches,
and from which they spring as their bases. These ought to
be built of large blocks of stone, solid throughout, and

cramped together with iron, or otherwise, which will make

the whole like one solid stone, Their faces or ends, from
the base up to high-water mark, ought to project sharp out
with a salient angle, to divide the stream. Or perhaps the
bottom of the ]..ll should be built flat or square up to about

half the height of low-water mark, toallow a lmiun-t 1t against

it for the sand or mud, to cover the fonn 1;1{11||r;

left bare, the water should in time undermine, and so ruin or
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injure it.  The best form of the protection for dividing the
stream, is the triangle; and the longer it is, or the more acute
the salient angle, the better it will divide it, and the less will
the force of the water be against the pier ; but it may be suf-
ficient to make that angle a right one, as it will make the
work stroncer, and in that case the perpendicular projection
will be equal to half the breadth or thickness of the pier. In
rivers on which large heavy craft navigate, and pass the
arches, it may perhaps be better to make the ends semicircu-
lar; for though it does not divide the water so well as the
triangle, it will both better turn off and bear the shock of the
cratt.

The thickness of the piers ought to be snch, as will make
them of weight or strength sufficient to support their interja-
rches. The thickness,

cent arch, independent of any other ¢
in most cases of practice, may be made about 4 of the span of
the arch. And then, if the middle of the pier be run up to its
full height, the centring may be struck, in order to be used in
another arch, before the hanches are filled up. The whole
theory of the piers may be seen in the third section. They
ought to be made with a broad bottom on the foundation, and
gradually diminished in thickness by offsets, up to low-water
1

mark. The methods of laying their foundations, and build-
ing them up to the surface of the watcr, are given under the
word FounpaTioN.

P1LEs, are timbers driven into the bed of the river for va-
rious purposes, and are either round, square, or flat like
plenks. They may be of any wood which will net rot under
water, but elm, oak, and fir are mostly used, especially the
latter, on account of its length, straichtness, and cheapness.
They are shad with a pointed iron at the bottom, the better
to penetrate into the ground ; and are bound with a strong
iron band or ring at top, to prevent them from being split
by the violent strokes of the ram by which they are driven

down, It is said, that the stilts, or piles, under London-

bridee, are of elm, which lasts a long time in the water.
Piles are either used to build the foundations on, or are
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driven about the pier as a border of defence, or to support
the centres ony and in this case, when the centring is re-
moved, they must either be drawn up, or sawed off very low
under water ; but it is perhaps better to saw them off, and
leave them sticking in the bottom, lest the drawing of them
out should loosen the ground about the foundation of the
pier. Those to build on, are either such as are cut off by the
bottom of the water, or rather a few feet within the bed of
the river; or else such as ave cut off at low-water mark, and
then they are called stilts. Those to form borders of defence,
are rows driven in close by the frame of a foundation, to keep
it firm ; or else they are to form a case or jettee about the
stilts, to keep within it the stones that arve thrown in to fill it
up ; in this c:

, the piles are grooved, driven at a small dis-
tance from each other, and plank piles let into the grooves
between them, and driven down also, till the whole space is
surrounded.  Besides using this for stilts, it isalso sometimes
necessary to surround a stone pier with a sterling or jettee,
and fill it up with stones to secure an injured pier from being
still more damaged, and the whole bridge ruined. The piles
tosupport the centres may also serve as a border of piling to
secure the foundation, cutting them off low enough after the
centre is removed,

PiLe Driver, is an engine for driving down the piles. It
consists of a large ram or square block of iron, sliding per-
pendicularly down between two guide posts; which being
drawn up to the top of them, and there let fall from a areat
height, it comes down on the top of the pile with a violent
blow, It is worked either by men or horses, and either with
or without wheel work. That which was used at the build-
ing Ui‘\I\:L‘.\'T.'iIlllli:‘.i.ktl'~lll':ll.i:;'\': 1s perhaps one of the best kind,

Prrcn, of an arch, is the perpendicular height from the
spring, or impost, to the keystone.

PrLan, of any part, as of the foundations, or plers, or su-
perstructure, is the orthographic projection of it on a plane
parallel to the horizon.

Pusn, of an arch, the same as drift, shoot, or thrust

VOL. I. ]
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SAL1ENT ANGLE, of a pier, is the projection of the end
against the stream, to divide it. The right-lined angle best
divides the stream, and the more acute the better for that
purpose ; but the vight angle is generally used, as making
the best masonry. A semicircular end, though it does not
divide the stream so well, is sometimes better in large navi-
gable rivers, asit carries the craft the better off, or bears their
shocks the better.

SuooT, of an arch, is the same as drift, thrust, &e.

Spaw, of an arch, is the extent or width at the bottom, or
on the level at its springing.

SPANDRELS, Or SPANDRILS, are the spaces about the flanks
or haunches of the arch, above the curve or intrados.

SPRINGERS, are the first or Jowest stones of an arch, being
those at its feet, bearing immediately on the impost.

STERLINGS, OF JETTEES, a kind of case, made of stilts, &e,
about a pier, to secureit. Itis particularly deseribed under
the next word STILTS.

Srrrrs, a set of piles driven into the space intended for
the pier, whose tops being sawed level off about low-water
mark, the pier is then raised on them. This method was
formerly used, when the bottom of the river could not be
laid'dry ; and these stilts were surrounded, at a few feet dis-
tance, by a row of piles and planks, &e, close to them like a
coffer-dam, and called a sterling or jettee ; after which, loose
stones, &c, are thrown or poured down into the space, tall it
be filled up to the top, by that means forming a kind of pier
of rubble or loose work, which is kept together by the sides
of the sterlings: this is then paved level at the top, and the
arches turned upon it. This method was formerly much used,
most of the large old bridges in England being constructed
in that way ; such as London-bridge, Newcastle-bridge, Ro-
chester-bridge, &c. But the inconveniencies attending it are
so great, that it is now quite exploded and disused : for, be-
cause of the loose composition of the piers, they must be made
very large or broad, otherwise the arch w ould push them over,

and rush down as soon as the centre should be drawn: which
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great breadth of piers and sterlings so much contracts the

sage of the water, as not only very much incommodes the

navigation through the arch, from the fal Il and gunick motion
of the water, but from the same cause also the bridge itself
is in much danger, especially in time of floods, when the
quantity of water is'too much for the passage. Add to this,
i]mt besides the dancer there is of the pier bursting out the
sterlings, they are also subject to much decay and damage

r X

by !il-.‘ rapidity of the

water, and the craft passing through
the arches.

TurusT, the same as drift, shoot, &c.

Voussoirs, the stones which immediately form the arch,
their under sides constituting the intrados or soffit. The
muld'r one, or keystone, oug bt to be, in length, about % or

= of the span, as has been obsery ed; and the rest should in-

crease in size all the way down to the impost ; Lln-mmvthu.'

increase the better, as they wiil the better bear the great
weight which rests upon them, without being crushed, and
also will bind the firmer Lugcthu.n. Their joints should also
be cut perpendicular to the curve of the intrados.

|

TRACT IT;

QUERIES CONCERNING LONDON BRIDGE: WITH THE ANSWERS.
BY GEORGE DANCE, ESQ.

AS an Appendix to the foregoing Tract, on the Principles
of Bridges, a few smaller papers, on kindred subjects, are
inserted in this and some of the Tracts immediately follow-
ing. The present paper is one, among several of a curious
nature, which I purchased at the sale of Mr. Robertson’s books.
in the year 1776, and appears to contain circumstances of too
much importance to be kept private. It seems to have oyi-

0
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