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I.

Sn melioris notae omnibus libris, quibus integrandi praecepta conscripta sunt, ratio tradi-
tur, quae ingrcdienda sit ad tractandas functioncs

, (yx ^(a-hbx-f-cx 2)dx; ("—— ^ 2
J J 7^(a-+-bx-l-cx 2)

quarum altera facile multiplicatione et divisione quantitatis ^(a-HixH-cx 2) in altcrain
transformari potest. Ut exemplis utar, invenics artificia integrationis necessaria in enchi-
ridio a Lacroix conscripto T. II, §. 183, sqq. ed. Baumann; a Kavier conscripto T. I. §.
274, sqq. ed. II. Wiüstein, 1854; in lexico d. Kluegelii s. v. Jntegratio; denique in d.
Crellii epbemeridibus T. V. Quibus in nostrum nsum conversis rebus quasdam argumenta-
tiones et consectaria addere mihi in animo est. Rationqs integrationis hoc modo proponimus:
Sit primo quantitas c positiva, tum poterimus bas duas transformationes adhiberc, quibus
functio rationalis et ad integrandum apta evadat:

1. Faciamus ^(a-f-bx-f-cx 2) = z—xj^c ubi z est nova quantitas variabilis, quae ex
functione quantitatis x pendeat. Jnde eruendo valores quantitatum x et dx, invenimus:

ax = «fa-h''r.+»r.)_ r(a+llx+cx . )= y-2ir^Xb+2z^c Cb-4-2zFc) 2 ' b-|-2zFc
quibus substitutis reperimus

t 9 X - dx — ( r[ , ( * 2—a | 2dz) rca -hbx-hcx 2) y l b+2rv,2 i b-{-2yc.z
Tali modo rationalis facta integrari poterit, qua integratione absoluta, substitues

z = / /"Ca+bx-(-cx 2)-l-x? /"c .

Annotandum est, eodem modo ex functione -—2 — formandam esse functionem cp j —-—},
b -)-2rc. z I b+2rc.z {

quo <px ex variabili x efficta sit, neque signum q> pertinere nisi ad uncis inclusam quan-
titem proxime sequentem.

2. Quod si pones y~(a-|-bx-f-cx 2) = z-t-x^c, eadem via invenies

( cpx. dx ( ( a—z 2 ) — 2dz ... ,. ...
——- T- = \cp < > . ubipost integrationem facies; rca -hbx-l-cx 2) ) ' t 2zTc—b > 2zFc—b 1

■z—Y~ (a-t-bx-f-cx 2)— xT c.
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Transeamus jam ad casum, ubi c est quautitas negativa; ad integrandabi functionem

cpx. dx. _f ac; — cx 2)— xz —ya , unde differentiando et substituendo liabebis
rCa-t-bx—c x 2)

2 ( px. dx (
b-}-2zKa ) —2dzIx j b-|-2z7 a )

■ CX 2) ) ^ ( C-f-Z 2 )) 7 (a~l—bx—cx 2) ) ' l c-f-z 2

qua in formula integratione absoluta substituito z=

c-f-z 2

K(M-l>x—cx 2)-\~y a
Aeque recte

res sese habebit, si facies T^CaH-bx—c x 2) = xt ,-\~Y~ a, unde obtinebis ,

4. C ff x - dx ( 9 | b—2z Ta. j
(a-f-bx—cx 2) ) J | c-+-z 2

y Ca-)-bx—cx 2)— K a

b—2z ya. ) ■— 2dz .
1 r et invento integrali substitues

c-l-z 2

Si tibi displicebit, transformatione modo, exposita introduci quantitatem imaginariam tum,

quum a est negativa, evitabis id incommodum dispescendo a-f-bx—cx 2 in factorcs reales

c (x—R) (r—x) quae res, qui fiat, facillimc invenitur. Quod cum obtinucris T'Ta-j-bx'—cx 2)=

7^|c(x—R) (r—*x)], fac 7/ ^[c(x—R) (r—-x]= (x—R)z/^c et cum expresseris x, dx,

7^(a-)-bx—cx 2) ope l'unctionum variabilis quantitatis z, obtinebis

( cpx. dx ( „ ( r-hRz 2 ) —2dz

stitues i=y-

) Kf a-f-bx—cx 2)
r—x

) 9 i r-t-Ha" |

I lH-a 2 i (l-Hz 2)ro
qua integratione absoluta sub-

x- -R

Jam ad applicationes legum explicatarum progrediamur, quae sunt uberrimi argumenti.

II.

Primum accommodemus inventa ad functionem ^ ponamus igitur, comparatione

cum generali functione facta, <jpx= 1; a==H—1; b=o;—c=—1, inveniemus has quinque
formulas:

'• ( > ro-x') = )"iF=r tc °" d: a =fci-x')-t-xr-D

= c + _i_ iog j xr-i -+- rci-x 2) j
y—i ( )

2l \ 7/- f , X 2, = [ < (cond: a=r(l-x 2 )-xr-l)) KCl— x 2) ) z7^~l

—c-
r ^y-iogj -xr—i -+- rci-x 2) J
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3.

4.

dx(
) rci-x 2)

__ c -2dz

dx(__
)rci—x 2)

) i-t-z

= C — 2 arc (tng =

(

. , rfi-x 2) + i(cond: z= '—?— J
* )

i+rci-x 2)-
-)

2dz ' , FCl— x 2)—1
-v . , 2 (cond: z=-l) 14-z x

( dx

= C — 2 arc (tng =

( — 2dz

rci-x
0-1 ^

) ra-x 2) ) 14-2

= c

(condd: r= 1 ; R= -1 ; s= r —)14-x^
1-

2 arc (tng—y~——
1-f-XX

Jam vides quinque integrationes, praeter quas duae aiiae notissimae sunt. Etenim si
valorera imaginarium denominatoris V~Cl—x 2) pvitare vis, supponere debes, esse x<(l;
si x>l est, mutabis V~(_l—X 2) in f~—l . y~Xr — 1 , qui casus paulo post tractabitur. —
Ouod si igitur X<4 est, theorema binomiale seriem convergentem dabit, si adhibueris id
ad evolvendam funetionem C1—-£ 2) 1 ua multiplicata cum dX et membratim integrata

obtinebis d*
(J
) ra-* 2)

c
X3
3

1. 3
-t-

1.3.5

Praeterea eonstat, esse ( d»
2. 4 ' 5 ' 2. 4. 6 ' 7

— C 4_ arc Csin=x) Si bis duobus in valoribus po-
) rci-^o

sueris x= 0, videbis utrimque constantem numerum eundem esse, uude sub conditione, ut
sit x<l et omnium areuum minimum sumas , concludes:

arc (sin=x) = s+ i_
1. 3

2. 4

5 + 1. 3. 5
2. 4. 6 7

e . n . , 1 1 , 1. 3 1 , 1. 3. 5 1arc (sin=l) ==— = 14 . —4- —4~ -+- •
2 2 3 2. 4 5 2. 4. 6 7

1 ,1. 3 1 1. 3. 5
2 3

H-

arc (sin=i) =— =—
6 2 2. 4 5.2 6 2. 4. 6 7. 2 7

Quod si baec integralia cum quinque sub numeris 1), 2), 3), 4), 5) propositis conferes,
videbis, in formulis 1) et 2) numerum constantem eundem esse, cum identidem pro valore

x =o sit ( —4"" ^' un ^ e lovenies, si arc (sin= *7 = 90 ponatur, formulas, quas

tanquam fundamentum totius doctrinae funetionum cyclicarum esse eonstat, nempe:
9 r— 1 = log or—1 -+- r[i-^-])

-<p r- 1 = log c-»r-i + r[i-x 2])

Transeundo a logaritbmis naturalibus ad numeros congruentes et ab aequatione arc (sin=: x )=y



ad convcrsani sin cp= x; cos q)=Y[l — x 2] habebimus *= cos cp -+- sin cp Y"— 1;

e * = cos cp — sin cp Y —1 nnde deducimus cos g> — ? j e ^~b e

1 ( ffif-l —wY—i-l

sin cp = ^ je — e j j et theorema Moivricum omnium memoratu

dignissinium et universale (cos cp + sin cpY —1) " = cosnqc>± sinny.^—1

Ubi liactenus pervenisti, tota doctrina de functionibus cyclicis secundo vento procedit,

quare nihil addendum puto, cum cuivis Matbematicorum aliquatenus perito dcductio cete-
• Tt

rorum theorematum res trita sit. Notatu dignum igitur tan tum vidctur, pro valorc cp =

esse cos ^ = 0, sin % = 1, undc co in casu deduci ex formula cpY— 1 =
TC

log (cos cp sin cp Y —1) specialem T Y —1 = log Y —1 > coque effici

a = ~ —— • Jam memento, esse Y—1« [i—Y~^\ = Y—1-1-1 = 1 -\~Y—1, ergo

\-i~y~ 1

log Y—1 = 1°S ylpp-—i = ^ — '°®' (-l-^-Y—!)• Evolvendo utrumque
X 2 X ^ X ^

logarithmum ope formulae notissimae log (1-HO = x — —
3 4

et subtrabendo habebis 2 CY —1 — i Y~ 1 ~b ^ Y —1 — f Y —1 ) un< le

7i= 4 (1—-b t — } + ? — ,V + iV — ) . Demonstrari potest, lianc Se¬

riem, etsi lentissime, attamen convergerc, ejusque summa metbodi Huttonianae ope facillimc

inveniri potest. — Transeamus ad tertium integrale

( = C — 2 arc (tilg = ^ ~b 7 ^^ et faciamus 2 arc (tng =
) ri— 2 x J

h-ri— iä > ^ i+ni- s2 ]\ g> , , cp l-t-rci—» 2]
ÜEI )=cp, ergo arc (tng = —!— —) = -r—; unde tng * = L -

X S - x y 2 2 x

X tilg % — 1 =n l— xI ]» x 2 tilg 2 f — 2x tng % -t- 1 = 1 - X 2 ; X 2 (1 -4- tng 2 f)=

2 tngf i
„ . cp

X 2 sin \

cos 2 cp cos cp
2 1

x = 2 sin f cos % = sin cp = sin (180° — qp); ■— cp = —180° -+- arc (sin = x)';(_Jl
C — 180° -f- arc (sin = x)

)(r i-* 2)

= C 1 arc (sin = x)



Ponamus codem modo in quarto integrali
( dx „ 0 ,, r[i-x 2] —i\\ = C ■—■ 2 arc (tng= '—l i )

) ru-* 2] J
2 arc (tng= —Ei—:Ll—T) ; et ex co deducimus tng ? = ————X ' X

1 -H- xtng? = Y~[l —'X 2]; J -f- 2x tng- f H- X 2 tng 2? = 1—x 2 ;

2x ü 1L_l_|_x 2 1 — ( = 0; 2 sin ? cos? -|-x = 0; x= — sinqo = sin (— cp);
C0S (£ ( cos 2 f )o ~

q) — arc (sin = x); unde concludimus

( — . = C— 2 arc (tng= /^[l—x 2 — iK
) Tfl-x 2] x )

= C + arc (sin = x).
Si transitur ad quintum integrale

(■ ^ = C — 2 arc Ctng = Y* -——^
) r [l—x 2] &

facimus arc (tng = IT «nde concludimus tng 2 f = x
1—|—1 -)—X

tng 2 1 + x tng 2 % = 1—x; x -}- x tng 2 % tng 2 f = 1 1- tng 2 ? = 1;0 ff)COS^ _
2

s 2 ?
2

X sin 2? = cos 2?; x = cos 2? — sin 2? = cos cp = sin (? — cp);
71/

— cp — — T arc (sin= x); et denique

( ^ = C — ? -)- arc (sin=x)
) r[i -x 2]

== C 1 arc (sin — x).

III.

Pergamus ad integrandam functionem
( dx
) Ptl-f-x 2}

ad quam ut applicemus formulas generales, faciendum in Iiis erit cp (x) = 1, a = 1, b =
0, c = -+- 1, quibus valoribus introductis prodibunt liae functioncs non minus tractatis
fertiles: Secundum normam primam et secundam capitis I. invenimus:

'• Vrriw = 'n- = c ' + " s I rt4+lS1 + x i
2
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2. ( — = ( — — = C 1 — log 1 | ^[1-j-x 5] — zj) T[ lH-x 2] ) z I i
Jn utroque integrali numerus constans ejusdem est valoris, cum pro x=0 funetio loga-

rithmica slt = 0, qiiäre, si ponimus log l—(—x 2]—f—x) *== ip, etiam erit — log (^"[1+x 2]—x)

= -f- %p, uude trauseundo ex logarithmis ad numeros congruentes efficietur, ut sit

e^ = 7^"[l-hx 2] x ; e =st 1-f-x 2] — x; ergo addendo et subtrahendo

f~[1-f-x 2] = e^-f- e
2

iL) —l/J
x — e r — e r

2

Jam videmus, similitudinem maximam cum funetionibus cyclicis existere, unde eligendam

esse formulam et signa congruentia. Faciamus igitur

<Sin ip — x; et vicissim ip — Qlrc (@in=x); indc deducemus

©in y, = ^-e-y : @ in y, + , V 3 + V 3 h
2 1 1.2.3. 1.2.3.4.5.

K( 1 -h @in 2 ?//) = r[l-h-x 2] = &0S rp-, ßoä y> = e^-j-e V .2

Go3 V — 1 ~t- ~-4~ t 4 ~ -f- ; ip = 5lrc (ßo8 = ^"[1-t-x 2])

~ , <Sin Tt/ (So8 t//
Xttg ip = Z.; 6ot ip — ——z.@08 ip ©in ip $ng ip
Evolutae formulae jam sufficiunt ad formandatn doctrinam totam horum sinuum, qui

hyperbolici vocantur, quoniam eodem fere modo cum hyperbola coliacrcnt, quo cyclici cum

communi cyclo. Jnitium doctiinae ejus generis effieit, quod jam invenimus

) rtt+x 2] = c + 9trc CSin = x >

sive in Seriem evolvendo et membratim integrando

( dx p x 3 1.3 x 5 1.3.5 x 7

) n 1-f-x 2] — inr 2?4 B~ 2.4.6 T

== C ± log |/^[l+x 2]±x|

Adhibeamus tertiam formulam generalcm, ex qua sequitur, ut sit

o ( dx ( —2dz r , T^[l-f-x 2] -+-1

3 - ) rir-ner W (c ° nd: T = *>

Ad inveniendum hoc integrale ponimus primo



Ii

2 u — @iir u = j e _i_ e

4

quarc dividendo habcbimus

J u >—ul 2 1 u —u)
i c H- e | i e ~ c i = i;

6o® 2 11 j 1 rr 12 1 l ct. . rr .
1 = ■- - ■; taot u — l = ; Si autem est Sot u — z: ergo u =

©in u ©in u ©m 2u ' S

Qlrc (Kot = z); inde concludimus dz = d (Sot u = d U = u . :
©in u ©in 2 u

= — du (z 2—i); d u = "7' lZ ergo
z"—l

(—^ du = C H- 5lrc (Got = z): unde
) z 2—l ) '

= C + 2 Olrc (Set = z) ; z = r[l ±- X- ]±l
C z "—l x

Ut autem lioc integrale ad inventam sinus hypcrbolici forinulam reducatur, facianius

2 2Irc (Got = z) 2ltc (Got = ^;) ergo est Got % —
X X

xGet % — l = ^[1-t-x 2] ; x 2 Sot 2 % — 2 X Got % = 2 ;x ((Sct 2 %- l)=2Got?

©iaf.f ~~ 2 @in f

x = 2 So? % ©in % ; = 2 ef + e ? ■ ef ~ ° — % = eg> —c~g> = @ .n
2.2 2

unde rp = 9Irc C@tn — x); quo integrale reductum est ad

' (lx—-— = C + Qlrc C@in = x)
) nn -x 1]

Quarta formnla integrationis exliibet nobis

4. ( _ jjWcoaj. , = n i+x 2]—K
) n l+X 2] ) — 1+7. 2 ) l-z 2 ^ X J

Est autem Goä 2 u — ©in 2 u = 1; 1 — Saig* u == -— . Faciamus z = lug uergo u:
GoS 2 u

2ltc ($ng = z); babebimus dz = d ■= '*" ; = du (1—z 2);
Goäu Go§ 2u

dz ,
ergo = d u.

1—z 2

( t! ^ = C + 9trc ($ng = z)
) l-z 2



2da . = C + 2 5lvc ($ng = z)
) 1—z 2

undc concludimjjjs

( — = C + 2 3lrc (£ng = j ^ [1 + x2 ]
) rn-f-* 2] * >

Ad reductionem formandam faciainus 2 3Irc ($ng = — J — cp ; unde sequetnr

£ng ?= r[l+x 2]—1 . t + x Snä f = TCH-x 2] ;l+2x £ng f + x J Sng 2 f —X

1 X 2 2 $ng f = X (l — $ng 2 %} = x j x = 2 ©in f 6oä f = ©in <jp ;
2

denique = 3lrc (®ln = *); undc Herum
(

= C -f- 9lrc (©in = x) .
) 7TH-x"

Ilestat formula quinta generalis integrandi, qua formula adliibita inducitur qnantitas ima-

giuaria, qua uti sine ulla dubitatione licet; cum autcm in ejus reductione et transfonnatione

aliquantum salebrosi lateat, totum calculum persequi liaud alieuum est. Jn integratione

secundum normam quintam ad functioncm

( dx

) rti-K 2]

applicata facimus T^tl-f-* 2] = ^ 1]) (1— X K~[—1]^ ; deinde introducimus ali-

am functionem id genus, ut sit (lH-x^"[—1]D (1—xH—1])^ = dH-xTT—1]) z;

quo prodibit ei + x n-i]) ei— x n-ii) = (l-f-n-rir z 2 ; 1 — x rt—i] =

(l+xH-i]) a 2 = «M- 1]; t~z 2 = CiH-a 2) xH-1]; *rt—l] =
1-J-z 2

n-1) d< = ti+»') (~üo - ('-»') d , = d» ;i i.= =15 d* ;
f (1-t-z 2) 2 (i-t-z 2) 2 (H -z 2) 3Kt-t]

_ 1 —z\ 2 z _
^[1-j-x 2] = (i-)-x^[— 1]) z = (1-+- ) z = -r - :—2 5 un <le conjungendo cxpressas1+ZV 1-j-Z1-t-z 2

dx —2dz
functiones = ; —- -—— ; ergo

(i+a 2Drr—Ii

( 2? = ( =215 : (coDd:, = r 1
) rti-K'j ) rn-j")n—i]

canon

C -j- arc (tng = 2); unde deducimus

Est autem notissimus canon

( dz

)l+^ r
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( dx r 2 , i—xT —1 \5. v — = 0 — arc (tng = y ' ) .

) rv i-f-x 2] r-i iH-xr-i J
1 — X^ 1 N

Eam formulam ut transformemus, facimus 2 arc (tng = Y~ —— ) = (p\
1-4-X7 — 1 J

3 . ,9p ^ 1— x^~ 1 2 q> 1—xf—\
undc deducimus tng \ = T —--V- . ; tng- t = . , ^ . 5

l-f-Xf —1 1—|—X/r —1

tng 2 % 4- xr-1 • tng 2 %=1 — xr-1 ; xr-1 G -Htng 2 %)= 1-tng 2 f ;

xf~ 1 = _ (̂ ls _y_. x ^—1 _ cos 9 == sin ( % — 9 ) ; ? — 9
nCV 2

C0S 2 % COS" %

= arc (sin = xf~— 1), quare

( — = C n —arc (sin = x/T~ D 5
) rrn-* 2 2r-i v—t

i ■ i
= C' -+- arc (sin = x Y"—1). Denuo facinuis arc (sin z=xY~—1)

T—\ T— 1

= xp ; unde sequitur, ut sit sin (xp —1) = x f —I.

1 i — xp xpi
Transeundo ad forniulas fundamentales est x JT—l = <e r — e T > ;

2 T—\ ) \

■xp

3^|=i|e^ — e ^ j = Sir. xp; xp = 2Irc (Sin = x)
unde ad finem perducta transformatione efficitur, ut sit denique

( dx 2lrc (Sin = x).

) T[ l-t-x 2

1Y.

Functio

( dz

y rt-i-x 2]

nullo modo ita integrari potcst, ut unquam reaiis quantitas inde oriatur, quamcunque ex

quinque pröpositis rationibus adhibebis, transformata igitur sejunctione unitatis imaginariae
exbibebit

( dx C — V~ 1 2trc (Sin — x)
)r-1 rtn-x 2]

eaque forma integrationis est ceteris praeferenda, cum statim generalis formulae a-f-b^—1

speciem prae se ferat. 2lrc (Sin = x) est enim reaiis quantitas, quae facile calculo inveniri

potest ideoque arcui cyclico praestat. Si enim ponis 2lrc (Sin = x) = cp, deduccs2*
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c 9 ir—i _ e _ cp ir— i
inde ©in ( cp Y —1) == x; = Y "—1 sin cp =

x
sin cp = ——- ; cp = arc Csin = — x f —1)

( dx = C — arc (sin = — Y—1) •
)r[—i-x 2]

Restat ig-itur tractanda functio

( dx
) T[x 2-i]

Ut autem in adhibcnda prima et secunda formula generali calculi implicationem evites,
in altera adhibe substitutionem Y[x 2—1] = — x z; et in altera Y[ x2 —1] = x — z;
exinde deduces rebus hactenus tractatis congruentia, videlicct

'• )w^rr = CH -" ,s h + I

2 - (rrst53-=c-'o S ! x-n.'-u j

Jn utraque formula quantitas constans eadcm est, cum pro valore x — 1 logarithmi
evanescant, quare Sumto arcu q> -ponimus

p = log | x -+- Y[ x 2— 1] | ; — cp = log | x — rt* 1—1] |

unde deducimus ex logarithmis ad numeros ascendendentcs e ^ = x -J- YY~—1]

e ^ = x — YYY—1] > quare addendo et subtrahendo c_^ -+-e ^ = x
2

9 —

^ = YY 2—1]; unde ponendum est x = 6o3 cp ; cp = 9Irc (ßo8 = x);

Ytx 2— 1] = ©in q>\ cp — Qlrc (Sin = r~[x 2—1], jainque liabemus

( dx = C + fflrt (Go8 = x)
) ru — i]

2lvc (Go8 = x) = log (x -1- Y\Y— 1]) = — log (x — fix 2-—!]).
Jam si tcrtiam vcl quartam formulam adhibcre vis, tricae tibi parabuntur niolestissimae,

quippe qui intcmpcstivo et praepostero modo quantitatem imaginariam inducas, quam deinde
( dx

amovcre multi laboris est. Etenim si in functione \ quantitas rcalis x < 1 est.
-) r[x 2-i]

functio integranda est imaginaria, quare liabebis

( . — ( ^ = C — —-— arc (cos = x)
) Y [ i —^] Y ~ Y r- 1
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Jam fac — p r~~T ar ° ^°° S = x ) == 9>) habebis arc Ccos = x) = — cp — 1

e 9 e — *
ergo cos C— <p V —1) = x; cos (— cp f —1) = = Go3 cp£

cp = 2Irc (Go3 = x)
( dx = C 1 —f— 2Irc (GoS = x).
) ru 2—i]

Ne aotcm mireris, tibi arcnm byperbolicum realem evenisse, quamquam functio inte-
granda sit imaginaria; unitas enim imaginaria tibi non periit, sed latet in Constanti, quo-
niam, uti facile invcnies, est C ± 2 m n -)- 2trc (GoS = x) = 2lrc (GoS — x] C 1
qua formula integratio rediit ad generalem typum a b —1.

Ut autem in casu x > 1 eodem rcducatur integratio, ponimus ^[x 2—l] = xa+r >—1

quod aliquatenus pracpostere factum est, cum x nunc sit quantitas realis. Jam pcrsequendo

calcuio substitutionis est ^ ^ == 1"' p^~~7 == (' z

r[x'-i] =r~

< = <-Üil (cond: . = n»-- n - r-t >
) rtx 2— 1] ) 1—» x J

Quod integrale ut inveniatur, sume Sing y = v ; y = 2lrc (Sing = v) ; et habebis
(j y (

d Sing y = dv = — ; et cum ex GoS 2y — <3in 2y = 1 sequatur, ut sit
Go3 2y

1 dv
1 — 3ing 2y = —; babebimus dv = dy (1 —Sing 2y) = dy (l —v 2 ;) dy =

Goä 2y " ' " t—v"

l' V = C + y = C + 21rc (Sing = v)
) 1—v 2

unde deducimus

( 2da_ _ c 2 ? j rc ( .Snfl _ a)
) 1 — z 2

quare est:

c .—- x— = c+2 Qirc csng = r[ x '-i] — r—n
) riy-i] x J

JTx 2 i] — —K cp
Ut transformcmus , facimus Qirc (Sng — J — t ; quare est

Sing %— ^ ; vel nominatorem et denominatorem unitate imaginaria mul-

tiplicando Xn, ? = ±1-, r-t .«« ?= ' +
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Est auten. sin (? f — 0 = @in % . y—1 \ cos (? y~\) = ®° 8 %

ergo y~—1 £ng ? = tng (J? unde Iiabemus tng y—0 =

L+Tüz^lx; 4 C?r-1) - 1 = m-xi;X

X 2 tag 2 (/! f—1^ — 2 X (,11g (f —1^ = — x 2

x (tng 2 (f r-0 -t-1) = 2 tng (? r - 0

x | sin 2 (jP r- l) H- cos 2 (jP r—l)j = 2 tng (j?

cos 2 (f ^—l)

Est sin 2 (? y— 1 1 + cos 2 (%y~l ) = — <Stn 2 f 4~ Goä 2 % = 1; ergo

= 2 tng (? l) ; * = 2 sin ( f£ f—l) cos (f l)
cos 2 Cl f—l]

= sin ( cp y~ —l). Ut autcm amoveatur unitas imaginaria, transeunduin est ad cosinnm.

Est autcm cos (y 4- cp y —l) — cos ^ cos ( cpy —1) — sin T sin (_cp y~— 1)

— sin (qp y —1) ; ergo — * = cos (% 4~ cp y —l) ; * = cos [[ y — cp y l] ;

% — cp y —1 — arc (cos = x ) ; —• iX — —^— arc (cos = x) = cp
T v 2 y l y> t

quare deniqüe
f dx n l
"• = C — — —• arc (cos = x)
) y[* 2—i] 2 y— i y—i

i— C — arc (cos = x)
y—l

= C 4- 2Irc (Goä = x)

Si denique quintam formulam generalem adhibemus, caiculus est facillimus. Suniimus
^[x 2—1] = y[ (x 4- l) (x — l)] = (x 4- 1) z; et invenimus

z = y ——— ; x = ■; dx = ^ y' dz ; ^[x 2—1] = ——— ; unde est
x4-l ' 1 —z 2 (1—z 2) 2 1—a 2

^ — = ( ~ (1z . — C 4- 2 2Irc ($ng = y *—iV Jam ponas
) y[* 2 ~n ) 1—a 2 *4-1'

| 5ug = y ~——lL | = q>; et babebis $na % ~y *
2 Site

£"9 2 f 4- x £iig 2 % — x — l ; £ng 2 f 4- 1 = x — x Sng 2 ?

44

T

@in 2 f 4- (SoS 2 % = x; 6oä y — x; unde revertisti ad integrale
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( dx

) rw- 1]

uti praevidimus.

= C ■+■ Qtrc (So3 = x)

y.

Hactenus quae exposita sunt, viam nobis sternunt ad integrationem functionum magis

implicatarura, Jnitio potest ioco unitatis seniper alia quantitas constans poni, neque est

difficilc, eum casum reducere ad simpliciorem jam tractatum. Quae cum integrationes in

theoria curvarum geometrica occurrant, operae pretium est, cas enumerare. Faciendo enim
tr- c

y = y ■— x, invennnus
a

( = ( — — = C -+-——— arc (sin = x r~—
) rCa—cx 2) ) T—y) rc a J

( -- = { ^ — = C -+- - 1 ■ Qlrc (@fr. = x T—")) rca-i-cx 2) )^ c rcn-y 2) rc a j
( — = ( = c -+- 2lrc (GoS = x

) rccx 2—a) ) rcr(y 2-o rc » j

Ut autem statim ad casum generalem simpliciores omnes una forniula continentem tran-

äeamus, nunc tractemus functionem

( dx

) r(a-t-bx—cx 2)

quae facile ita transformari potest, ut simpliciorem speciem —— prae se ferat,, quo

ad sinum cyclicum deducimur. Observemus, esse

- cx 2) = rc. r i
C-x c

b
1)2 i

b 2

c 4c 2 4c 2

dx _(-

r(a-t-bx — cx 2) = rc. r (— h- — — x 2)-, — cx 2 ——V =
c 2c y 4c 2

b
- 3

dx

x — x 2 ; et invenietnus
c

) r(a+bx—cx 2) )f c r(—+ — (x — ■—) \v c 4c 2c s

b 2 2 r a , b 2 "\

= «'i''s** = r( 7 + v -)

Jam fac —

x — — = y ; ergo dx = dy; et substituendo habebis
2c

( dx ( dy

) r(a-H>x—cx 2) ) rcr(m 2—y 2)
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— C + ~_i— arc (sin = ^
Fe m J

1 y
= C — —— arc (cos =

F c m y

cum autem sit

b

j 2c 2c x — b

m ~ , a b 2 N FC4ac -f- b 2) ; prodibit

r (V + ~4?~)

( *' x C -+- —!— arc (sin = *' x ^ \
) FCa+bx-cx 2) Fe FC4ac-f-b 2) )

Quoil integrale iuventum comparemus cum iis quantitatibus, quas adhibitis quinque

metliodis initio explicatis invenieünps. Etenim si utimur prima et altera formula generali,

prodibit

1. ( — — = ( = C 1 H- —i log (2z F—c -t- b)
) F(a-H>x—cx 2) ) b-f-2zF— c Y^— c

(cond: z = F (a-t-bx—cx 2) -+- x F—c)

= C 1 -+- log j 2 F—c F (a-t-bx — cx 2) — (2cx — b) jT—ifc \ S

2. (. — = ( = c 1 — ~L~ log | 2zF— C—b I
) F(a-(-bx—cx 2) ) 2zF—c—b F—o / i

(cond: z = F (a-t-bx—cx 2) — x F—c)

= C 1 — 'off | 2 Y*— 0 F(a-t-bx—cx 2) -+- (2 cx—b) |

Ccl Jj 2 \ jj
H ); y=x— —.

c 4c 2 ' 2c

illos logaritbmos permutabimus in hos:

C 1 -+- - log | 2 cF (n> 2—y 2) F— 1 — 2 cy j

~ ~ }^—\Fe l0 ° | 2 (' m2 —^ 1r ~~ 1 "+" 2 c y j

Ouodsi in utroque multiplieatorem 2cmF—1 sejungimus, et re confecta quantitatem

iimariabilem log (2cmF—I) cum C 1 conjungimus, quod in integrationibus lici-
F—1F c

tum esse constat, prodibit

K ^ ,'' X L = C' -t- —L log j FC1 4-) J-r~ 1 J) F(a-t-bx—'Cx") F—1—c ( m 2 s m )



£ ——__ = c —. iog j ra— -—■) ~JL- r-i|) y(_a-\-hx —cx ) y —ir~c < in / m i
Jam videmus. pro valore j = 0 utrumque logaritlimum evanescere, ideoque in Iiis for-

mulis quantitatem constantem C 1 eandem esse, quare sumto arcu - ^— habemus janiV c
cp = J_ log j rci- r- 1 1y~l } nr / m )

unde transeundo ex logarithmis ad nunieros congruentes, tum addendo et subtrahendo

e , e -«pr-i
est /^"(l— -I— _\ = = cos cp

m 1 / 2 y

o>r-1 —i
7 e ^ — e ^

= —— = sin cp
m 2 1 y

ogarithmis ad arcum —<̂ -
rc

£ dx _ = c -h = c -h _L_ arc (sin = ^

quare ex logarithmis ad arcum ~S-. rerertimus et iterunr invenimus

) T{a-bbx—cx 2) yc rc m

r, , 1 , . 2 cx—b \

arc (sin = — , J

)
JTC v r(4ac-t-b 2}

Sequitur tertia et quarta intcgrationis formula generalis, qua adhibita invenimus

3. £. *5 = £-- 2tlz Ccond: z = rCa+bx-cx 2)+ra X
) ^(a-f-bx—cx 2) ) c-bz 2 x '

4. £_ ^ = £ ~ 2dz (cond: z = rO+bx-cx 2)—ra y
) /'"(a-bbx—cx 2) ) c—bz 2 x '

Est autcm notissiinus canon:

£ = C — — 2 — arc (tng = —-—.*) \ quare deducimus fonnulas
) c-bz 2 f c yc '

£. -Jl = C - _ 2_ arc (tng = r(a+h x- cx 2)-hra x
) /'"(a-bbx—cx 2) yc xyc '

( dx „ 2 ,, y(a-bhx—cx 2)—ya \
K _— = C — . arc (tng = —I —- ' )
) /'"(a-bbx—cx 2) yc xyc s

Cum autcm lios arcus tangentium cyclicarum ad arcum sinus^ reducere volumus, irreti—

mur ridicule prolixo calculo, quare introducimus denuo valores
a ^2 Jj

m 2 = — b —rr- 5 Y =1= x ^— unde transi'ormatione absoluta et tertia
c 4c 2 2c
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quartaque integrationis formula adhibita prodibit
t -dV-, • = C - — arc ((ng = rCm*-&+m n) f^cKCm 2—y 2) 7^c y )

r 2 T^Cm 2—y 2)—in= C — — — arc (tng = - i-i \rc y J
./am autem transitus ad arcum sinus facillimus et supra monstratus est. Si enim faci-

CH| 2 y 2 I 1 in
mus 2 arc (tng = J \ = qp, inde dedueimus

7 )
m -f- y tng ? = f^(m 2— y 2 ) • y m sin cp = 0
J - = •— sin cp — sin (—cp); — cp = -t- arc (sin =in ni s

I^Cm 2 v 2)
et si faeimus 2 arc (tilg = \ = cp, inde habemus

y J
— m -f- y tng % — Y~ Cm 2—y 2); y = m sin q>; —■— = sin cp = sin (_n —cp)m
n — cp = -4- arc (sin = — ^; — qo = — 7t -+- arc (sin = ——)m s m <

Denique quinta formula integrationis generali utentes invenimus
5. ( dA = C -2^ = C - - 2 arc (tng = z)) ffa-j-bx—cx 2) ) y~c(l—|—z 2) K"c

1"—"X
(cond: z — Y~ ubi r et R sunt radiccs aequationisx—R
n b a b±7^(4ac-j-b 2)

x 2 — —- x — — = 0; nempe x = —c c 2c
quare prodit substitutione absoluta

( dx _ £ ' 2 arc ftn „ — —2cx-f-b-j-7/"(4ac4-h 2) .
) ^Ca-l-bx-cx 2) ]Tc RrC Ug 2cx—b+r(4ac-t-b 2) )

qui ut arcus tangentis ad arcum sinus reducatur, nominatorem et denominatorem fractionis
divide quantitate 2c = f~[ic 2] et habebis

C — —-— arc (tng = y~ ——-y m \; jamfac2arc(tng=7/" —")T^C y —111 / y •+• m '
— cp, et habebis tng % = f y tng 2 f-t-mtng 2 % = — y-H m

y -f- my , „ o), ,7i .= m (1 — t n g- ^ ); y— m cos qp = m sin ( 7 — qo)
cos $

2

— cp = — 2" 4- arc (sin — -Z-_T\ ; undc itcrum reduetio absoluta est adm y
arcum sinus cjclici:
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^^ — = C + arc (sin = ~^~ S)
) Y~ (a-f-bx—cx ) m J

Patet, omnium integrationis formularum generalium commodissiniam fere esse quintam

vel tum, quum quantitates imaginariae oboriantur. Jam transibimus ad arcus hyperbolicos.

VI.

Jn integratione functionis

( dz

) T^Ca-t-bx—cx 2)

permutabis initio radicem in c -J- -)- x 2V Est autem x 2 -+ bxV (; C

1) v 2
(x -+- } ; et sumendo u 2 =1c, s

c

a b 2 4ac—b 2

4c 2 " 2c ' c 4c 4c 2

b 2cx I b
t = x -f- = —- ; transmutatio absoluta est in hanc formulam:

2c 2c

( dx ( dt

) rCa-l-bxH-cx 2) ) rcrCu 2-ht 2) '
ex ea autem concludimus:

{ -- — = C -f- -JL. 5lrc [@tn = -L~]
) ^(a-j-bx-j-c* 2) c u J

= c -t- 1 9Irc [Sin = 2cH ~ b "1
Fe F"C4ac—b 2) J

ad quod integrale ceterae formulae reduci possunt.

Si enim adliibemus priinam et alteram methodum integrationis, invenimus

) rc+bx-Hx-, = > <conä: z

rrca+bI+^5" = ) (c °" d: * = r-(»+b-t-o>) - .ro
unde efficitur, ut sit

'• ) yca+t'+o»') = ° + 7="„" '° S (sr °rCa-H»-H* ! )-t-2cH-b)

2 - ) r( a + t+c^ = ° fT [ ° Sercrca+b«-t-«')-2c—-b)
a b^ b

Jntroducimus quantitates y? — — — t = * -+- , quo logarithmicae
c 4c 2 2c

functiones transformantur in

3*
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C -+- _i_ log (2crC/i 2H-t 2DH-2cO
rc

C T^r— log C2orCiM 2H-t 2)-2ct)
T C

sive, sejuncto in utraque factore 2c,«, deinde invariabili quantitate—log (2c/r) cum Con-
Y 0

stanti conjuncta,

c+ K 'H r[,+ 7-] + -M

c - TT ,os ! r[l+ v-] - .-fl

Jam vides, in casu t = 0 logaritlimos evanescere, unde eandcm constantem in utroque

esse, et propterea licet utrumque logarithmum aequalem arcui.—f-—ponere, e* qua rc trän¬
ke

seundo ad numeros statim efficitur, ut sit

„ = j rn-t-*] + j, -, = i. s j reu- J* ) +
t e _ . t 2 1 c 9» -f- e ~ ^= ©in 9i r[ 1+ 4 -1 = ^ = 6oä 9-

Li —' £
H * ' P

Tertia et quarta integrationis formula generali adhibita invenimus

( jdx ( — 2dz id . z _ y(a-j -b x +c » 2)+r 'a ~l

) ^"(a—(—bx—f— c x ~) ) z~—C x _1

( ^ = ( — 2da (cond . z _ V(a-t-bxH-cx 2)—r a
) (a-J-hx-l-c* 2) j) z 2—C x

quare est

3. ( — = C + -A_2lrc (£ng =
) /'"Ca-t-bx-j-cx 2) e xV~ c J

4. ( S ä=C+i-H «n» = r(a+bn+cx')-ra-|
) V (a-hbx-f-cx) y~ c x^c J

„ a b 2 b *11 i
sive, valores u~ = — — —. ,t = x -J- introducendo

4c~ 2cc

( ^ = C _ 2_ 2lrc ($ng =
) rcr(M 2+t 2) rc t )

( ^ — C -+- —— Qlrc (Sng — \
) r cr<y--M 2) rc t /

quos tangentium hyperbolicarum arcus facile in arcus sinuura transt'ormabis, quod, ne repc-

tanius monstrata, in quarto casu calculo subjiciemus.



Si enim sumis 2 2Itx (£ng = ~^ _2—^_\ = q>- habebist

Sttg % = ft t £ng % = r0 2-M 2)

2 <ut $ng f = t-(l—£ng 2 f); 2 /x ©in f So8 f = t; t = [i @i" <jP2

t

gp = Qlrc (@in = \; quo reductio absoluta est.
(.i )

Adhibeamus quintam denique integrationis formulam, verum iterum introducamus func-

tiones t et /x, unde transformatio deducitur

( dt

) rcroH-t 2)

et sumamus ^(^-f-t 2) = (^-f-tr— 1)11— IT— 1)]; = D®

Jnde convincietur esse ,w—tf~—1 = J—t/^—l)z 2

1-z 2 t r _ x ._dt_ = -4zdz . r(jU 2+t 2) = W
i-j-z 2 ^ n (iH-z 2) 2r-i 1 + a

Ex bis formulis componitur integrale

( dt _ ( —2du

) f cT(ß 2~\-^ )"rcrcn-z 2)r—i

„ 2 «—tr—1 X
= C — arc Ctng == J- - )

r-irc n-tr-i /

Secundum normas jam supra exposltas talis arcus imaginarius facile transformatur in

arcum realem sinus hyperbolici, id quod consulto omittimus. Jam via strata est, qua ad

integralia magis complicata progredi liceat.

Not. . est loco signi integrationis, quod typothetam delicieliat.
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