Unciarum theoriae

partem Secundam

scripsit

Piegsa.




I'_,h’uum ante hos octo annos mihi contigisset, ut priorem unciarum theoriae

partem in lucem protulissem, facile poterat afferri spes, fore uf, occasione oblata,

alteram illius operis partem ederem; sed exiguum, quod mihi concessum est in

hoc programmate spatium non permittit, ut plane ad finem perducitur inceptum:
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qua re sequitur tantum particula.
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§. 32

o S
Si potestatem (m + n) evolvamus in seriem, ubi m, n, s numeri positivi sint, tom eum

terminum maximum esse contendimus, in quo exponens literae m et literae n ita sunt inter
se, ut hae ipsae quantitates, aut ubi eorum (exponentinm) ratio rationi m : n proxime

accedit.
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Terminus enim (r 4 1) seriei, in quam potestas (m 4 n) evolvi potest, per
literam M;: terminus

Lus tum
q illum (r 4 1)  insequens et terminus
tas fum
4 illam (n 4- 1)  antecedens resp. per
-q +q
M e M

designetur. Est igitur
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ergo
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Jam si aut accurate aut approximative
8 = r 3 r = Ih : 1

est, tum aut accuraie ant approximative erit

1] {|+l1] (1-:F||~l}.._.[1«-l]_____ (s=r)4
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— e

) (s = 1)} }[s—l'}r_:r[ ';(s-r}r-?—rl s :[R-l‘]_?_-d(T?l)r

M 'i[:-‘.r-r_)r-{—qri |;(ﬁ‘-r"]r—'.— (q—l]ri ‘,[.-:-r'_}r-'rr;

_ ————ee -

-4 ;(s—r)r—; e -0 - 4-1r

3

Quia s - r et ¢ semper positivi numeri csse debent, theorema secundum  eam
ipsam eum in §. 25, adhibitam conclndendi rationem (comparando factores denominatoris

cum factoribus numeratoris) verum esse apparet.

g 33 e
Stirlingins in libello, (ui inscriptus est: Methodus differentialis pag. 119 ss. quatuor
docet series, gquibus auxiliantibus ancia media magnarum potestatum erui possit. Theore-
mata ita andiant:
A) Si index diznitatis sit numerus par appelletur  2n, vel si impar vocetur
2 n + 1; eritque ul uncia media ad spmmam omnium {unl:i:n-u|u'_} ejusdem dignitatis, ita
unitas ad mediam proportionalem inter semicircnmferentiam  eirculi ad alterntram serieriin e
sequentinm.
L ] x : 2 T2
1 #2n 1.3'3n A8 T
10) il e 5 i R (e S i SRR T S
2(2: 2, L[)n--’} {En —l) 2.4.6(2n+2) (2n+4) 2n+6)
ii2n+1) 1.3 (2041 14 805 (20 +1
EE,HHH____{_, +1) 13@a¥DY . i5 (20 + 1) AN
2(2n-3) 2 1{3:1—3] )n-—.)] 2. 4.6 (2n-3) (2n-5) (2n-7) i

B) Est summa omnium unciarum ad mediam ut unitas ad mediam proportionalem
inter reciprocam semicireumferentiam circuli ad alterutram serierum insequentium:
2 b

1 1 e
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2n +1 2(2n+1)(2n +3) 2.4(2n +1) (20 +3) 2n +3)
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Si summam unciarnm omninm potestatis (2n) signo X, , et series (uatuor Stir=

lingii resp. signis s, § §; S scribamus, theoremata illa hoc modo brevissime exprimi possunt:

(211]:-2:':1-"(/”-* "—'_-ll--\‘rj_.ﬂ!
il 2

n 9 2_

T : (Bn) = e Vie e o= 2 Y 2.5
2n n i T

Ac¢ jam seriem s, veram non esse, aqua est limpidius, quoniam denominatoris

factor semper = 0 @sse, ergo valor ejusdem termini infinitus fieri debet, id quod

sequentia exempla pro n = 1. et n = 2 adhibita explicabunt.

Pro o =1 est2n = 2; 1 Zgi=141,=1% (2n) =1

Erzo est
3t (@)= 1:YV 2.5
Z 3
_2.1_1.;(.\2(1 Laft i =l l_.__,,, ‘!
i L e iz -2 :’..2.![‘2,1—2]"" \
2 1 |
‘2:1:1:’\_—-——
Pro n = 2 est 2n = 4: 2 = 16, (2n);, = 42 = 6.

erao erit

NS ('3!1],, =1:V 2% g,
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w22 T 2222.2-2) @ 2.4.2.2(2.2-4) )
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= 8:3 = i Ve ) —— LT 1 '

Wl s~ 1w = i

ltem demonstari potest, seriem s, esse divergentem, ad id, quod sibi Stirlingius

proposuit computandum ineptam, quod nestrum judieinm ita probatur verum esse,
Est
1 (1. 3)* (1. . 3.5)°
¢ 3

Sl a9 * 2.4(20-3) (0-5) ™ 24.6(2n-3) (2n-5) (2n7)
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e |1.3.5... (R¢ag=-1))2
2.4.6.,. 2 «[2;:-3) (2u 5) . (@n2e-1)
Faciendo ¢ = n erit

s\ AT (1.3): (1.3.5)2

v+ (=)

il 2(20-8) © 2.4(20-3) (En—c'i] 2.4.6(20-3) (20-5) (2n-7)
il 8 [ L PR T 1) |
2.4.6.. 2n[2n-3) (2n-5) . .3.1(—-1)

Summam terminorum n primorum per Sn et terminum n - per t, significando,

erit
8, S, ; 04 ; (2n+1)z ﬂn+5,: 1(2n+1){2n+3) _
S o —_— T
o1 AR n " @nte) (—3) ¢ o (@n+2) (20+4) (-3) (=5)
q (3n+1)* (En+1) (20 +3)| ?

=N+ (—1) ¢t "H 3(2:1-|-2] + 3.5 ,,(ozn+2) (2n+£)

[(n+1) (20+3)... (2048—1)] (

= H e [.ap'+1)(2rw2)..[2n+2ﬁ) +H

=8, +—0".¢,c @

Terminus generalis seriei ¢ sit T, atqe erit

[2||+I} {2n+'3]3 . (Ell-i-?ﬂ’—-i]‘
T3 (212 5(20+4) ... (2 24+]) (2n+25)

Jam vero, sin ) 2 est, pro quovis valore positivo literae 3 tributo- est
(2n+1)2 ) 3(2n+2)
(23 +3)* » 5(2n0+4)

(Bn+25—1)* } (28+1) (2n—23)
ergo efiam esse debet
(20 +1)* (2n+3):2. - (0 +425-1) ) 3(2042) S(20+4) ... (23+1) (20 +25)

Itaque numerator semper excedit denominatorem, Crgo unusquisque terminus seriei

% major est unitate. Ac numerus terminorum est infinitus, ergo etiam ¢ = oo erit. Dei n
series ¢ multiplicata est in ty . Quodsi igitur demonstrare possimus, esse t, L o, tota
series summa gauderet infinita.

20 + 1
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Ac jamn erat

\ 2 /2
1L & 5 7 ... (201}

by = - —

2. 4.6...20(20-3) (20-5) ... 3. 1 (—1).
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et quum praeterea sit
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(Zn-1) ) (2n-3) 2n

pro quovis valore literae n ) o adscripto, ergo sequitur, numeratorem valoris t, majorem

ess¢ denominatore, ergo valorem ¢, ipsius majorem esse unitate, unde colligimus esse

5,

U o 8 = oo

2n--1

Itaque tota series s, divergit, ergo eam calculo inservire non posse patet.
His de causis factum est, quod hoe loco primam modo et tertiam seriem accu-

ratius explicare nobiscum constituerimus, Sed antequam eas veras aut falsas esse dooea-

mus, observare javat quantitatem s, facile ad ealculum posse voeari. Est enim
L% =l ke, X G ia, X2 Lig D00 o Xashi Mg
Ponendo x = 1 erit

R =1l o, Loag pog 4 ., 4 ooy 4

id est: 2q aequale est summae omnium unciarum, Itaque est

— 2n
.22" =2

Formulae modo dictae a nobis nonnisi pro exponentibus paribus expressae sunt; sed
valent illae etiam pro exponentibus imparibus, qui sint unitate minores. Est enim

£n—1
(5 G, e (2n-1), : 2

Quod si pro vero accipimus,, erit quoque

(20), : 2= (2n-1), : 1
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id est

9 (2n=1), = (21),

2 (2n-1) (2n-2) .. (n+1)n enc2n-1) .. (m+1)

'iiﬁc'li.‘

POSSIIUS, licebet

?2 n

am exponentes proportionuim,

pro casu (2n ) resp. per T et T, ;

fum  erit

Atque primo videamus, (uomod

ergo

qus

Zn
T = 2 . T =
(),
4 b 22(20)n
e ‘—.—‘__"'l
I le'"—"l)"ll-i-

2n (2on-1) ...

[0S Semper Nonnisi uncias

15 843 .l L

Hanc ob rem, ut commodius agere

aequatio procul dubio identica voeari potest.
e

medias exponentium parinm tractare.

quas aut veras aut falsas esse demonstraturi sumus,

o T oriatur ¢ T et T: eT

pro casu 2 {u+1}w resp. per T et ’l‘" notemus:

Erat
2(n+1)
2

i?tni—i_]'l

| n+41

(n+ 1)

2 L T R

i
e

t'!nf'z? (2n--1)2n ... (D +2)

fegan ™
2 (n+1)
an +2) (Bn+1)
n+1
2n + 2
2"*1“1
T :‘211-1—72 Lhrn
2n+ 1

de re erit

D

e

rl- =

(n+1)

2(2n + 2) (n+1)
(2n+2 (2n+1)

2n

LA R

. 4.
1. 3. ¢

Bs o
orap e

(2n-1)
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,1,2_2.2.4. 4,.6.6.8.8. ... 2n. 2n
1.1, 3.3.6.5.7 7 ... (20~-1) (20-1)
B2 p
20 2n—1
T‘E P
e —— “ LY
2(n+1) o

Tt wvalorem esse reciprocum expressionis
T non erit, qui duobitet; itaque est

1 2n+1 T

]J T 2n+2 :

et
i 1 {
AT, = @n+1) T, = 5—
I an—1q I 2n
Jam ad series nostras progrediamur deseribendas, id quod secundum coéfficientinm
indefinitorum methodum instituemus. Ponimus primo

B.2n C.2n 4 D.2n

T-; = A ,2n - — 4+ ——— } s
n+2  (2n+2) 2n+4)  (20+2) (20+4) (2n+-6)

cui seriel justam formam indunisse, quandoquidem ejus coéfficientes numeri evadant certi,
finiti, non imaginarii, persuasum habemus. Hauod difficili transformatione hujus seriei
admissa habetur

C-2B % D-4°0C ] E-6D

2n+2 (2n+2)(2n+4) (20+2) (2n+4) (2n+6) * "

Qua in serie si (n - lj pro n ponitur, valores guantitati T proprii evadent,

T2 — A2n + B +

Itagque est

Pi*— A(m42) 4+ B4 C-2B D-4C

21 +4 T @ntd) (@01 6)
Jam wvero est
1'12: ”{'En i ‘2_}1
(Zn+1)*°

T2

unde
v 2 -
(2n+1)T' — @+?* T?=0

unde econsequitur esse 4
m1 2 g 2 4 i

2T Y qapeyenl iy STl o
2n-4-2
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¢ est

" L=

i 2C - 4B 2D -8C
' 1+

i e (2n+4) (20 +6)

2n + 4
2 2 b | 1
T2 T _2A CE2iB) et e
: : + ) I 2n-2 2n-4 \
! i i i |
: D= i) e L st |
L ) [(20+2) [2u+4} (2n+4) (2n+6) | K
2C -4B 4D — 16 C

t@n+2) (BsD) T @D @0ED (20 6)

-

e s

£r, "‘I}

(R Y (T ) e A By e -1

2n + 4
4D — 16 C 6 E - 36 [}
t @ T 2046) T (3+1) (16) (mFEY)
et
i B C q D

Swyes oo } g v T N L e T .
(2n+2) 2n+4  (2n+4) (20n+6) (20+44) (20+46) (20 +8) E i

Quas quantitates si conjungamus ratione per acquationem hane

C _T_ (20 +2) (’1‘_{'!"2 ) — T i 0
praescripta, habebimus
4C—98 60D — 25C ) SE —49 D
20+ 4 ¥ (ln— 1]' l!H h] i3 {E‘:‘n-‘,—i} ('2n+ﬁ”'}_(_'2n-'--"i"} i

De hinc

2B — A =
4 C — 9B
60D — 25C
SE — 49D

|
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Unde est

2
T.i A ‘2[] e 1. 2n [l 3} 2|1 (I n

{ ' 2(2n+2) o .4[21]—‘2) (2n-+4) 24GL2I|+2| L21|-4] 2n+6) !

ubi tantummodo A designandum atque définiendum est,

Jamjam ad tractandam seriem tertiam transeamus, ponamusiue

Tt;’ A n B_ e G .
2n 4-1 (2n+1) (2n+3) (Z0+41) (2n+3) (2n+5) 2l
o 2 A il B : C
I,=%0+3 " (@n+3) 20 +5) " (@+3) (@n+3) (g2
Ac est
2 (}.'n 1H?
I, (_2n-,—2]2
ergo
- 2 : 2 2
(2n+1) (2n+3) ;;']‘]'3_’1'1 ; —2(2n4+1) T, — Tr= 9
L |
Sed est
) R
(3n+1) (3n +3) |T,—T, ,'
il % s 1B e 6 C SD
2045 (2n+5) {'2n+7} (2n +35) [Zn +7) (2n+ 9)
3 —.8 . — 2.0
o 4B o 6 ( _I] Bl :*B_U 24(;. = 13
2043 (20+43) (2n+5) * (20+3) (2n+3) (2n+7)
Porro
2
- 2(2n+1) T,
A 2B 2C 2D

T (20+3) (20+5) 4 (20+3) (_'é-n_+5]_(§E+_?] il
Simili modo erit
7: Sl B L C
20+3  (2043) (2n+5) (2n+43) (2n+5) (20+7)
Quas series si secundum rationem per aequationom

2
m !
,_1=:_
|

( 2 2
(@n+1) (20+3) |1, — T'H—inn—f—i)T T = o
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jussam comparemus, habebimus
. ?2B-A. ., 4C—9B y 6D —2C
2n 13 (@n+3) (2n+3) | (20+3) (2n+5) (2n+7)

Unde consequitur esse
2B — A=
4 C — 9B 0
6D —2C =o0 o
BEE —49D

[

I
(=]

ergo
4‘1 = _‘k
i Ot A
2. 4
R e B Sy
2. 4. 6 el
e _-3. . f__]_" A
2.4, 6.8
Ergo est
I T A Vst oo d i (LB ) .
[ 2n 41 2(20+1) (20+3) ~ 2.4 (20+1) (204-3) (0+3)
. (1. 3. 5)* " | .
T246@+D)...+7) " w
ubi denuo A accurativs definiendum atque describendum est, id quod in utroque casu facil-
lime procedit. Nam secundum seriem priorem est
rl| i \ ( I " .
_zn_'—.' !i+'2{_.2:|+‘2}+“'5 = I‘g‘n--i
idque pro omni valore literae n tributo. Ponendo n = oo erit
| T 2 i -
| o p:_\c. = _ = A
; 2n 2
I In altero casu est

F o i
. 2n4+1) 1) = = i} Ll AT Al
I ( )T | A 2(20+3) i {
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ergo pro n = oo erit
e ah i Mea Ay ) L5
- S
a
unde sequitur - esse
A=
7
Ergo est
o a f i 1 . [L:I}“—
=07 )1 T 3@n+2) T 2.4 (20+2) (2n+4)
1. 3. 5)*
A (1.3 8) SR )
2.4.6 (20 +2) .. (?n +6) )
e 2 ' 1 1. 3)2

2(2n+3) i 2.4(2n+3) 2n +9)

(1.3 5)2 |

2.4.6(20+3) ..., (2n+7) A=l (

~a(™+1) |
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Unde series s, s, veras et rectas esse videmus.
g 34.
Si p sit numerus primus, productum 1.2.3. ... (p —1) + 1 semper est divisibile
sine residuo per p.

Nam secundum praecepta calculi differentialis est:

m -~ M - 1 - i1
1.23..... n=m - m, (m-1) + m; (m-2) - my (m-3) + .-+ (=-1) m"1

Denotante p numerum primum p =1 par erif, ergo
p-1 . p=1 a i
1°) .23, .. (p-D=(p-1)= (p=-1) (P-2) + (p-1) (p-3)— ...

+ (- 22 (1)1
Ac jam est
89)) o (1-1)m L= (p-1); + (@-Th—(0-8) +vosk (p-1)i— (p-1) 1

ergo subtractione facta erit

188, 1) S 1= 0o 10D oD+ -

Ac vero p-1, p-2 ,... 2 numeri sunt per p non divisibiles, ergo est

- -1 -1 - - 3
(p- 1]p —~ 4 ipi= 2)'1_ 1....2°21 secundum theorema Fermatianum per p sine residuo




| divisibilia, ergo etiam 1. 2. 3 ... (p=1) + 1 per p sine residuo divisibile est. Sin vero
|| p sit numerns compositus, tum 1. 2.3 .... (p-1) + 1 per p dividi sine residuo non
.I potest. Quodsi enim est p numerus compositus, factor quidam hujns numeri necessario
It

t =y p est: ac jam pro omnibus valoribus numeri p ) 3 est YV p Zp =1, factor numeri
p ergo necessario inveniri debebit in producto 1, 2.3 ... (p-1), ergo et hoc ipsum
productum et ipsum p per hune factorem divisibile est. Jam iu unitatem divisus hic factor
gommunis nihil reliqni non facit, ergo 1. 2. 3 ... (p-1) + 1, si respicimus p, est
numerns primus ergo non divisibile per p. Huic theoremati nomen est Wilsoniano.

§. 35.
Buzengeigerus in §. 10 dissertationis suae contendit, seriem
1.1 —ey i + &P — s fs oo+ (-1) 18
simili modo exprimi posse sicufi series
,L' 1.1 + e By + aafy + a3 fs + .-+ 18,
expressionem vero illam pro Lole—wo By +0.. + (h--l }‘-' 1. = 0 fieri, si
[ denotet numerum imparem. (Quod nt demonstremus, priorem seriem e posteriori derivandam
esse judicamus.  Alteram seriem dependere ab altera theoremate ab Eulero invento (Cale.
Diff. pars 1L, cap. 11. '§.2l'1} nixi demonstrare possumus,
Ri
S= a4+ bx 4+ cx 24+ dx 3+ ..
sit, semper erit
Aa+ Bbx+ Cex?®* Ddx3+ Eex *+
AAxdS  AAx23S ASx 3d 3§

= AS + s 0 S o
fodx L MR dxr. T ARt
Si, utentes hoe theoremate, ponamus pro
8 b 6 e i e s s quantitates
1, 0y ey | g o 07 il s L pro
A, B, C, D, E . . . quantiales

1 . —f)’ % ﬁ 29 'JI)J‘_., 3 llf~l

et — AAd=1L1+1 .0/ = (B +1)
AA =11+ 218 + B =(8+2),
' — AsA =11+ 31 + 3B + %P = (B +3)

- - - - - =% - - - -
. ]

Qg LEEY ey f;; -+ Ff;gj{f-g P o ﬁet=(ﬂ'+ﬁb
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Ergo est

2 b ' o
) UoA D B o IR S QU L e T S S e S oy B X
e—1

= (1 + x}-: er (P41 (+FX) x££ aa (B+2% 0 +X) X gur

.o+ (—1) 1. (e +@e X

ro x = 1 erit
299 1 — e ffy + eafpy — ey +...4 (—0- 1.8,
"

L =1 le + B,

c—2

[ 14 (f_I

= 0 _ 0 t g {ﬁ -+ I-}I e €y [-{3)"'-3)2

Ponendo @« = [3 erit

2 2 2 2 e 2
1l — e+ ao— a3+ @ —«++(—1) ¢4

—2

(0] c—1

2 e (e+1); + 2 'r:._. (e+2) —.. 4+ (—1)°(2a)

Si ¢ denotet numerum imparem, quantitas in sinistra aequationis parte posita

erit et habebitur
o

i3 1 c—2
392 =2 cgp (@E1); — 8 g (e+1)y +..— (2¢)c =0

-

§. 36.

Ut seriem

2 2 2 2

2 2 o
1— +ay —ay + ¢+ (—1)1
alio quoque modo exprimere possimus, multiplicemus aequationem hancce

¥ 2 3 & s
PR e s S e e i e

per quantitatem
g —1 «
X (1—x)dx
et erit, sumptis integralibus:

_ gt . B—1 i ik
4 S d—x)" " ldx= ST L 0 ax — ap 82701 % dx

el @ « B+ a—1 @
¢y Sx A4x)dx —... 4+ (—1) Sx (14 ¢) dx

Jam vero in genere, posito x = o integratione facta, est

s B3 2y s—1
B+ p—1) Sy —Cl-Fx)dx
(B+ e+ u)

f+u—1 =
5% Sx A+x)dx=(—1

0
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Hine prodit
69 S1—xn)'x P iidx

\ L oot ¢ B ; B+ 1) : _(p+2)s
/ e a+U1+ % ({3 ¢ + ”J 4 @B +e+ 33
U + ¢ — 1)a

ettty
A ——— X X
-+ T (1+x) dx

Deinde si x = o ponatur est
g—1

: A
S [1—-,\'1';' dx = (— E\id\
(:':_ + @)«

a—1

. g = b‘xﬁ_-ld:t
et Sx (1+e) dx =(—1) ———
(f+ ¢)e

Hine prodit

[l = -‘."}g l()l

oty 6 +2),

g I i (B +3)
) I') |

o6 T (et pri) (@+B+2) © ° (e+B+8)s
el L T

[ B+ e— 1).
{ ')' F I‘] ﬁ}r

i @ sit numerns par, erit
(e + ,u].-

_ 2«(B+1) (B+3) (B+5).. (B+e—1)
2 {-. + @)e

(e+fB+2) (e+p+4)..

e+ 0+ e)
T &

(& + )

) (3 =+ o)

]
"

numerum denotet imparem, habebitur

‘)‘{;441}{;)4-0}{;)—#-3]
[r’ﬂj)le{{(+!) 3)

;]Ii

i {i"f_—'r f-:)_
e + 5 +e)

Ac jam est in genere

w1
i._“ e H},”'I‘I e (_1) - H,“'i'i
Qua relatione si utaris, ponendo in 7°) pro [ quantitatem — ¢, reminiscens
'hl'[l]'pl'l' €8s
({5 o
(¢ + P : ”:3 2 (¢—1) (¢—3)«v.Hv.3.1
B+ ele 2. 470

iz J

* . . (14
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(in qua relatione @ numerus par esse debet), quia quantitas, si « impar esset numerus,

(e +f)e
(E + )
)

ut 99 docet = o esset), habehis

2 2 2 2 (1]
10°) 1~y tey —gg+-++ (=11

(4

Iy 1! (I%‘ 5. 7 - - - _-1.
= (-1 2 — e )-Qu

O R o

ergo etiam, si seripseris 2« pro «

2 9 D¢ Ll 26—1) 2«
=1 —ro 9 — e — 1) 1= (—1 T I T
S=1- () + (2), G DilEG Do e

Erat autem

2 2 1- 3;5-&&(9&"1)

- 2 @ 2
Sl=1+ei+e+e; + .. 4+ 1= 2. 4. 6 o 2

unde perspicuum est, series S et S' numericos eosdem habere valores, inter se aequales
esse si @ in 2¢ numerum designet parem.

§. 37.

Coroll.
Quoniam

2 2 : 2 2a
1— Qe+ (2¢)e— Qa)g+ -. + (—1)- 1

2a Jr—1 Qr—3

ED _2 (ﬂﬂ.’)] 2““"1)[ +2 (g“}i Qd‘r +2}g _—.,—[— [’i&]:_;m
erat, etiam

2z 20—1 3z—3 2o —8§
2=="2 Qe); Qa+1) + 2 Qe), (2¢+2), — 2 (2¢); (2e¢+3),

11 3- 5 * * @ E.Q“_ij 02“
2. 46 W %k .

-!—...-i—(‘ia')ﬂa:

erit.

— 30—
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